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SECTION I
Computer Science

This section focuses on current research directions and applied
advancements
in Computer Science, particularly in the areas of artificial

intelligence,
software engineering, and intelligent systems.
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Article

Al-Assistants: Framework for combining
LLM-Driven Assistants with corporate
features

Isakulov Zeiin '

'Department of Information Systems, SDU University, Almaty, Kazakhstan

DOI: |10.47344/byvn3m48
Abstract

This paper presents a comprehensive review of existing studies and several optimization methods, and
suggests a simplified workflow for a unified framework for multimodal systems and Al-driven assistants. It
focuses on the integration of Al-based tools into existing IT infrastructures by comparing approaches used
in industry use cases of applying Al-based tools in their respective fields. Integrating Al into existing IT
infrastructures that were not originally designed to be operated by Al even at the level of data rendering,
causes significant challenges that are worth solving. The main challenges include evaluating the rationality
of using Al for certain tasks, managing the computational costs of self-deployed Al tools, managing the
quality limitations of self-deployed LLMs to ensure that they can effectively interact with humans in
industrial environments, and overcoming the economic limitations of using high-end LLM models such as
ChatGPT, DeepSeek, or Grok in terms of token-based pricing. The study demonstrates a significant need
for standardization and enhanced operability of existing approaches beyond the highly specialized solutions
used in fields such as medicine, software development, and network management. The improvements are
intended to enable Al assistants to make critical decisions that still require automation and optimization
within industrial systems. The main aim is to systematize modern solutions and design common principles
and vectors of development for highly contextual and scalable Al operating systems, enabling both Al
technology providers and commercial organizations to adapt even in the short term. An example of the
workflow pipeline of the proposed framework is designed to combine the adaptability and intellectual
operability of high-end LLMs with the standardization of tasks for highly contextual models. It also
addresses the deployment limitations of models built from scratch or derived from local models while
preserving optimization for servers of small and medium-sized enterprises at each step by managing small
modular tasks.

Keywords: Artificial Intelligence, Al Adapters, Human-Al interaction, Industrial AI, Process Automation, IT infrastructure,
multimodal systems, Al-driven assistants, cost-effective deployment, enterprise Al, scalable AI frameworks, SME Al adoption,
computational cost management
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I. INTRODUCTION

Recently, Al-based workflows and ML algorithms have increasingly developed and become the basis for optimizing the work
environment. With further growth in the volume of data created and recorded by humanity, and with growing computational
requirements, traditional planning algorithms and task-completion methods require enhancement. The IT infrastructure of Big
Tech companies, cloud systems, and distributed systems is increasingly using intelligent algorithms and Al-based tools, leaving
traditional methods and tools, as well as small and medium-sized enterprises, far behind. The use of neural networks, Al assistants,
and metaheuristic algorithms in the early period of their development opened a new chapter in achieving optimization, industrial
effectiveness, and automation. These approaches allow us to understand the main benefit of technological progress—adaptability.
Traditional solutions, despite their effectiveness in static environments, are not adaptable. The adaptability of a system is necessary
for dynamic systems where data and rules are changeable, including large-scale cloud platforms, which are increasingly being
adopted even by small and medium-sized enterprises in various fields.

Conventional IT management infrastructure is often dependent on static optimization algorithms and rule-based decision-making.
Although this type of procedure is successful in stable environments, it often does not scale or respond to the unpredictability and
volatility of today’s IT ecosystems. Using different kinds of intelligent processing algorithms can help predict system bottlenecks
in existing IT infrastructure, find ways to optimize workflows, and enhance our ability to achieve state-of-the-art adaptability. These
algorithms can autonomously predict and identify system bottlenecks and then automatically reposition workflows for continuous
operational efficiency, paving the way for adaptability.

It is also important to mention that the implementation of such intelligent tools may cause significant organizational changes,
including employee re-education, and raise concerns such as data leaks and quality issues. The creation of artificial intelligence
systems that meet both the technical constraints and the strategic investment requirements for algorithms in small and medium-sized
enterprises remains an important task that requires a carefully developed approach. In this study, we will explore possible approaches.

II. LITERATURE REVIEW

Our review of previous studies gives us more context and helps us identify the main gaps, methods, and findings in the industrial
field. The literature review examines both recent and older works, allowing us to delve deeper into the subject and helping us
position our work on the more practical side of the research. The literature is organized into three thematic areas: optimization and
scheduling approaches; studies on the industrialization of the RAG system, Part I; and studies on the industrialization of the RAG
system, Part II.

TABLE I: Optimization and Scheduling Approaches

Study Key Contributions Rationale

[ RepairLLaMA: Efficient representations | Provides an example of using
and fine-tuned adapters for program | adapters and overall workflow
repair pipelines.

2] Exploring the potential of Al-driven op- | Shows the efficiency of Al ap-
timization in enhancing network perfor- | proaches in industrial cases.
mance and efficiency

131 Software project scheduling using the | Provides evidence of heuristic
hyper-cube ant colony optimization al- | approaches in industrial schedul-
gorithm ing.

4] An investigation of static versus dy- | Demonstrates differences
namic scheduling between scheduling approaches.

150 A roadmap for integrating automa- | Discusses the potential vectors of
tion with process optimization for Al- | development and processes to be
powered digital transformation automated.
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1

RepairLLaMA Core Choices

LLM

3

RepairLLaMA Inference
C[a—

Figure 1: Overview of RepairLLaMA. The core novelties of RepairLLaMA are the APR specific code representations and the
engineering of an effective program repair adapter that is plugged into the underlying LLM

Fig. 1: The whole pipeline of the work

The studies have shown the importance of optimization approaches in industrial cases. Early studies provided evidence of heuristic
approaches in industrial scheduling [3]. Some of them demonstrate the differences between static and dynamic scheduling, proving
the importance of adaptability [4]. However, with today’s technological advances, studies discuss the vector of development toward
automation, optimization, scheduling, and routing using intelligent tools in industrial environments [2]. Recently, RepairLLaMA
demonstrated an application of fine-tuned adapters, enhancing both human-based and Al-based workflows in specific areas [I]]. See
Fig. 1.

Received: December 20, 2025. Reviewed: September 26, 2026. Accepted: September 29, 2026.  © 2026 Isakulov Zeiin. All rights
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TABLE II: Industrialization of RAG system(PART 1)

Study

Key Contributions

Rationale

(o]

Model Context Protocol (MCP):
Landscape, Security Threats, and
Future Research Directions

Primarily aimed at simpli-
fying pipeline of deploy-
ment, integration and opera-
tion with existing technolo-
gies on an industrial scale.
MCP offers an example of
simplifying models workflow
with each other in order to
expand functionality with ex-
ternal tools and reduce frag-
mentation.

(7]

What if GPT4
Autonomous: The

Became
Auto-GPT
Project and Use Cases

Provides use cases of au-
tonomous Al and include po-
tential vectors of develop-
ment and enhancement of
LLMs.

(8]

Auto-GPT for Online Decision
Making: Benchmarks and Addi-
tional Opinions

Demonstrates the key
differences across
autonomous  models  and
provides Additional Opinions
algorithm  which enables
integrating smaller models
without major changing the

main LLM

(9]

Financial Report Chunking for Ef-
fective Retrieval Augmented Gener-
ation

The study shows significant
improves in results of RAG
in question and answer tasks
based on financial tests. The
approach allows us to create
high-precision RAG systems
using file structure instead of
full texts.

(10]

Searching for Best Practices in
Retrieval-Augmented Generation

The study examines existing
RAG methods to identify best
practices to ensure productiv-
ity and efficiency.

© 2026 Isakulov Zeiin. All rights
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TABLE III: Industrialization of RAG system(PART 2)

Study

Key Contributions

Rationale

(L1j

Retrieval-Augmented — Generation
for  Knowledge-Intensive ~ NLP
Tasks

The study demonstrates RAG
system model. RAG can
solve problems of limited and
accurate knowledge of LLM
and the difficulty of updating
them.

(12]

When Will Al Exceed Human Per-
formance? Evidence from Al Ex-
perts

The study surveyed ML ex-
perts to shows that Al will
surpass humankind in many
areas in the coming years.
Giving us potential vectors of
implementing human-in-the-
loop.

(13]

Fundamentals of Expert Systems

The study demonstrates key
principles of creating expert
systems and outlines areas for
further research.

(14]

Adaptable Adapters

The study proposes adaptive
adapters to select own ac-
tivation functions for differ-
ent layers and use a trainable
switch to select only nec-
essary layers. The approach
preserves quality of standard
adapters, yet requires less pa-
rameters for better for smaller
data.

(15]

Dressing  the Imagination: A
Dataset for AI-Powered Translation
of Text into Fashion Outfits and A
Novel KAN Adapter for Enhanced

Feature Adaptation

The study proposes NeRA,
an innovative adapter archi-
tecture. Unlike traditional ap-
proaches, NeRA uses train-
able nonlinear spline trans-
formations enabling models
to provide higher accuracy
and deep semantic matching.

A significant part of the existing work is aimed at making Al assistants practical and contextual. The foundations of RAG were
described and demonstrated to solve the knowledge accuracy and limitations problems of LLMs [11]. But as time goes on, the

increase in the efficiency of Al assistants continues [10]]. Concrete approaches to making models highly contextual include, for

example, the capability to work with financial reports by using better chunking methods. To reduce the fragmentation of Al-based

tools, the studies also proposed the Model Context Protocol as a basis for simplifying workflows and the integration of external

tools. We can also see a tendency toward more effective and powerful customization of the models. The adaptable adapters can

select functions to use and yet use fewer parameters and conduct quality for less volume of data [[14]. Some approaches simply
suggest architectural changes to the adapters to make models even more accurate by using different computational operations [15]].

Received: December 20, 2025. Reviewed: September 26, 2026. Accepted: September 29, 2026.
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TABLE IV: Human-AI and AI-AI interaction

Study

Key Contributions

Rationale

(16]

In-Context Retrieval-Augmented Lan-
guage Models

The study proposes In-Context
RALM, a simpler method in
which the architecture of the
model does not change in com-
parison with regular RALM. The
context documents are simply
added to the beginning of input
data. In-Context RALM has great
potential for widespread use of
the model through the APIL.

(7

Human-in-the-loop Artificial

Intelligence

The study proposes ethical con-
cept of HitAl Since humans are
involved in any Al system, HitAl
suggests rewarding those who
provide knowledge. Profits from
Al solutions should be returned
to the rightful owners of knowl-
edge.

(18]

Towards a Better Understanding of
Context and Context-Awareness

The study addresses challenges
related to understanding and cre-
ating context and suggests ap-
proaches of developing contex-
tual applications.

(191

Al models collapse when trained on
recursively generated data

The study explains the risks of
future versions of GPT. When
most of the text on the Internet
will be generated by LLM. It
was found that uncontrolled gen-
eration of content by the model
leads to irreversible defects of
future models. The phenomenon
is called ”"model collapse.” It is
found in many generative mod-
els.

(20]

Artificial intelligence implementation in
manufacturing SMEs: A resource or-
chestration approach

The study examines how man-
ufacturing SMEs organize re-
sources to implement Al. Via
dynamic orchestration of Al re-
sources, SMEs successfully co-
ordinate processes and develop
qualified specialists. The research
contributes to Al implementation
by showing how SMEs use Al
capabilities to create a competi-
tive advantage.

Integration of Al into existing human-based infrastructures raises important considerations including ethical ones. Human-in-the-
loop Artificial Intelligence suggests more ethical Al, the HitAl. The concept suggests that the profits from Al in enterprises should

Received: December 20, 2025. Reviewed: September 26, 2026. Accepted: September 29, 2026.
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be returned to their owners [17]. The long term risks like model collapse [[19], and practical benefits [20] suggest to us that AI must
be regulated to be the technology of the future. Some infrastructures were never meant to be driven by Al, but they still need some
intelligent solutions. There, contextuality comes in the first place, both for human and AI agents [[16] [18]]. The reviewed studies
demonstrate a lack of a standardized, lightweight framework and development pipeline. The studies present highly effective but
specialized solutions [1]] [2]. The existing research does not provide a solid platform that addresses computational constraints and
implementation challenges faced by SMEs. The reviewed literature on autonomous Als [8]] [7], model interactions [6]] and resource
orchestration [20] hints at this but does not explicitly propose or test this specific hierarchical architecture as a virtual copy of
existing corporate agents in SME infrastructures.

Case Studies: Google’s use case of ML to optimize its data center cooling systems by analyzing data from sensors ensures that
the system can dynamically manage server setup settings resulting in energy and financial savings. AT&T’s ML algorithm analyzes
patterns in its traffic and can predict demand, minimizing further network latency issues.

The integration of Al and ML algorithms in industrial cases demonstrates huge improvements in network management. Predictive
analytics and anomaly detection in real time form the foundation for future Al-based corporate tools. It enables networks to react
to current conditions and predict future threats.

The article’s main limitation is that it was based on an industry leader’s case. It doesn’t present quantitative results from practical
implementation of AI driven methodologies. It also lacks a detailed analysis of computational costs and complexity of integrating
these systems into existing legacy infrastructure.

The article demonstrates effectiveness in energy savings and reduced latency and validates its potential. Its complexity is high,
requiring interdisciplinary knowledge. It is a great example of ML optimization applied to load balancing and resource management.

After the literature review, it becomes obvious that enhancements have been made in the AI workflow pipeline. But there
remains a substantial gap in the standardization of the frameworks used. That can be a limitation on fully implementing them in
existing IT infrastructures. The research mainly focuses on specialized solutions without providing solid frameworks that address
the computational constraints and implementation challenges faced by small and medium-sized enterprises.

III. RESEARCH METHODOLOGY

A. Research Questions and Objectives

Our research aims to contribute to the development of the standardization of frameworks used in the AI development pipeline by
making them optimized even in small and strongly tied to context-based automation and workflow management in IT infrastructures.

This research addresses the following questions:

1. How can an LLM framework be successfully implemented within existing IT infrastructure to manage an Al assistant with
significant computational constraints?

2. How does an Al architecture integrate classical optimization local models to optimize operations in industry with clients?

The aim is to design a framework for optimizing and scheduling tasks in multimodal systems that improves the efficiency
and quality of combining models in IT infrastructure. Our aim also includes analyzing the implementation challenges and the
organizational effects of intelligent automation. For this purpose, we have to face the following tasks: 1. To analyze the existing
methods of implementing multimodal systems. 2. To develop a hybrid model combining LLMs and classical optimization algorithms.
3. To increase the effectiveness of the proposed framework under real-case scenarios.

B. Experimental Setup

The experiment was applied to an existing IT infrastructure environment and designed to recreate a real-world enterprise
environment. The testbed consists of a digital infrastructure, storage systems, and API components required to test the system
in a medium-scale enterprise. The testing system was built using HuggingFace models and OpenRouter API models to orchestrate
under varying resource constraints and workload patterns.

The experimental setup includes five primary components tailored for the Unibest case study. The first one is a baseline RAG
system implementing a multimodal structure. The second one is the proposed framework integrating several models and tools with
the target Al assistant. The third is a management layer implemented as an orchestration UNIA positioned between Al assistants
and a sales manager. The fourth one is the operational knowledge stores such as vector databases, relational product databases,
rules, etc. The last component is monitoring, logging and CRM integration enabling more context for the system’s work. The
orchestration LLM acted as the leader of the "Al Swarm” that standardizes corporate tasks across smaller models by performing

Received: December 20, 2025. Reviewed: September 26, 2026. Accepted: September 29, 2026.  © 2026 Isakulov Zeiin. All rights
reserved.
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prompt engineering and setting up constraints such as policies and rules. Each component was deployed in identical environmental
conditions to ensure a fair comparison.

System deployment: The core inference model ran on a physical server with AMD Ryzen 7 9800X3D under Debian, an NVIDIA
RTX3070 Ti GPU and 32 GB RAM. Copies of UnieAl used a single quantized Nous Hermes Mistral 7B model to reduce graphical
memory and inference footprint. External channels were connected via APIs such as Telegram, WhatsApp, Instagram, Gmail. UNIA
in the orchestration layer used DeepSeek via OpenRouter API with a constrained budget (50 free requests per day) for selected
high-risk decisions and light-weight routing tasks such as managing prompts and controlling the "AI Swarm”. Heavier inference
and generation were performed locally on the quantized UnieAl.

C. System Architecture and Components

1) Unibest Business Context: Unibest is a B2B/B2C company selling computers and related services. To reduce human
labor costs, a sales Al assistant, UnieAl, was created to act as a virtual sales manager handling customer communications, product
recommendations, making store orders and routine after-sales interactions during non-working hours.

To manage and supervise UnieAl, a manager model named UNIA was implemented. UNIA is built atop the free DeepSeek
endpoint available through OpenRouter (limited to 50 free calls per day) and provides orchestration features such as creation and
lifecycle handling of UnieAl copies, routing of B2B leads, scheduling B2C review reminders, context recovery and quality correction
of UnieAl outputs, especially for the Kazakh and Russian languages. UNIA can autonomously create and manage CRM objects in
Bitrix, initiate procurement protocols executed by UnieAl and periodically update B2B data by using a 2GIS parser.

Knowledge and retrieval stack. The product catalog, company policies and trade methodology are stored in relational and
document stores and mirrored into vector indices using FAISS and Qdrant. Embeddings for Russian and Kazakh were produced
using an embedding model from Sberbank. RAG pipelines fetch the top-k passages from vector stores and pass those to UnieAl
for grounded response generation.

Received: December 20, 2025. Reviewed: September 26, 2026. Accepted: September 29, 2026.  © 2026 Isakulov Zeiin. All rights
reserved.
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Fig. 2: Example of applying mask based product sharing

D. Operational and Knowledge Update Pipelines

Product database changes propagate into both the canonical relational store and into the document ingestion pipeline. Documents
are chunked, embedded using Sberbank embeddings for RU/KZ languages, and re-indexed into FAISS/Qdrant on a scheduled cadence
or via delta-updates. See Fig.2 for an example of UnieAl using the products database.

Periodically, the system runs the 2GIS parser to enrich B2B data with newly found contacts and inserts them into the vector
store and CRM as lead candidates for UNIA routing. See Fig.3 for a data table generated using the 2GIS parser.
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Fig. 3: Example of product table based on “comp clubs”

© Dawcioanp <

search in Almaty

UnieAl prompt templates and small fine-tuned adapters are versioned, meaning that UNIA can push prompt updates to running
copies and trigger cache invalidation of previous contexts. See Fig. 4 for the overall architecture illustration.
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UNIA-UnieAl Architecture

Input Channels Preprocessing:
1. Language Detection

— 2. Text Normalization ‘ P
3. Pl Redaction UNIA O

.
Vector DB:
4. Intent Extraction Intent Classification
\ ) Policy/Safety Checks Product Catalog | o1, e ignment 2Ol By
J Routing Decisions - ~ Company Policies (AImaty Data)
e Other Company Data
Framework Manager Control Panel A~ 4

Meta Decisions.
(OpenRouter AP
(50 calls/day)

. /

Relational DB
Product Records
Order History
Other Customer Data

Generation

UnieAl Copies Forms Al Swarm

[ Copy 1 ] [ Copy 2 ] [ Copy N ]
Monitoring and Logging:
Performance Metrics
L Conversation Logs
Error Tracking
Quality Control
Output Channels

=

CRM in Bitrix24:
Orders
Reminders

Analytics
Customer related contexts

Fig. 4: Algorithm

E. Operational Pipeline — Client Input
The end-to-end pipeline for a customer message is as follows:

1) Customer sends a message via Telegram/WhatsApp/Instagram/Gmail. The channel adapter normalizes incoming payloads and
forwards the message to the preprocessing layer.

2) Language detection, text normalization, adapting markups and formatting and intent-slot extraction via lightweight embedding
and translating models using masking.

Thbi YETO 3TO! 1744

Mpuset! A ChatGPT — McKyccTBeHHBIA MHTEANEKT, CO3AaHHLIA OpenAl, utobbl noMoraTs ©
PazMUHBIMA BOMPOCAMU, JAEaTh COBETHI, OOBACHATL CNOXKHBIE TeMBI 1 NMPOCTO ObLIATECA.

Mory nomous ¢ yueGoi, HaNMCaHWEM TEKCTOB, reHepaLMer Wael, NPOrpamMMUPOBaHMEM, & TaKoKe
Mo/cKasarhb uto-To 1o GbToBbIM Bonpocam. Eciu y Tebs ecTb KOHKPETHBIA 3aNpoc — crpalumvsaii!

A Thl uero 310 e

Fig. 5: Example of removing boldness of the messages. Whatsapp’s boldness works differently from

Telegram’s one, meaning it was removed.
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3)

4)

5)

0)

7

8)

9)

UNIA receives the preprocessed message and performs: policy, quality checks and safety checks by detecting attempts to
distract or inject malicious context, routing UnieAl copies. UNIA also maintains conversation level context; in such cases it
restores canonical context from stored transcripts.

If the UnieAI’s response requires highly contextual knowledge like product info, warranty, pricing, UNIA issues a vector
retrieval and fetches the required product information.

Augmentation can also be managed by UNIA by generating prompt constraints and combining user message, retrieved
passages, company protocols using response templates. If translation is needed between Kazakh and Russian, the pipeline
inserts translating layer.

The prompt is sent to the local quantized Nous Hermes 2 Mistral 7B instance used by UnieAl copies for final generation.
For high risk decisions UNIA uses Deepseek via OpenRouter APIL.

After generated text validation UNIA may also correct critical language errors or append CRM tags and make a pre-order
if the context forms so. The order tasks are handled by Bitrix24 for human employees. See Fig. 7 for example of verified
orders.

70 Outer Clouds

Lartalog 10a0ed WIth Y3 liNes O Proauct aata.

1630w
KoMnbl ecTb? 5.1,
HenpouwTaribie cooGuieHIs

**KoHeuHo ecTb! 7+

Thi lonan UMeHHo TyAa, rae **MK — 370 He
NPOCTO «Xeneso», a NpousBeeHe
MCKYCCTBa** (Hy WA, Ha KPaiiHsK, MOLHas
pabovas nowanka).

##H# **4YT0 y Hac eCTb B acCopTUMeHTe:**

HHH# ** o ToTOBbIE CBOPKM (NOA NIOGOI
3anpoc)**

& **UrpoBble MOHCTPbI:**

- *RTX 4090 +i9-14900K* (ans 4K n
BUPTYasnbHOI peanbHocTy).

- *AMD Ryzen 9 + RX 7900 XTX*
(anbTepHaTea NVIDIA).

& **0Ons pabortbl 1 TROPYECTBa:**

- Mac mini M2 *(na, y Hac ecTb 1 Apple)*.

- CraHuwmn Ha Threadripper Pro *(peHaepb,
3D, MoHTax) *

& **BlopxKeTHble, HO MOLLHbIE:**

- *Core i5 + RTX 4060* — ans koMpopTHOro
FHD-reiimMuHra.

Fig. 6: Example of interacting with Unie send by one of Unibest’s customers.

Then response is sent back through the channel to the customer and the full exchange is logged. See Fig. 6 for final UnieAI’s
response
If flow requires reminders, UNIA schedules timed reminders and associates them with the CRM record.
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Kon-zo: 3

Fig. 7: UNIA makes orders and closes them automatically after verification. MoySklad and Kaspi are

used.

F. Operational Pipeline — Manager Input

The pipeline for inputs from sales managers (campaign creation, overrides, audits):

1) Using framework console, UNIA’s management console or Bitrix24 if the employee has higher positions operator creates a
campaign spawning UnieAl copies into the ”Al swarm”. See Fig. 8 for UNIA’s tasks for verification by manager in UNIA’s
management console

ONTUMM3ALIS MAPUIPYTOB, PACYET CTOUMOCTH, ABTOMATU3ALMS

3% YnpasneHue AocTaBKoi I Kapra mapLupyTa (Anmatbl)
Orkyaa (Anmare): Kocwoe
4 Baricepke .
[ ] @ Mposepurs T i
cOreren
B <. Myxamepxan Gareipa X
Tyivebaesa Bairepex
+ Narunoso
Kuex wons! laaqpy
Toknanosa
Bopanaaii & a8
TysauGactay
Onucanme rpy3a, ocobse Tpe6oBaHMR W T.A. L g o3RI b Tarap
= Anmartbl
o o Beckaina
Tenedon knvenra: } o AGai d
+7 (X000 XOKXKXX Waagran e
Aeanaiin goctasku: 1D sogutens:
17.07.2025 12:56 [=] 10325 ©Q Kaxpodparecs  CoznaTe csow KapTy. © Snaexc Yenosus ucnonssosar
Tapudp (remre 3a kn): _
O ViHdoomauva o MabubvTe

Fig. 8: UNIA creating tasks for delivery from the chats’ data. Managers needs to verify it.

2) UNIA compiles specified by manager or company policies into rules, prompt templates and safety constraints.
3) UNIA instantiates specially configured UnieAl copies and assigns each copy a knowledge context. Copies are tracked and
LLM resource usage is monitored. See Fig. 9 for UnieAl copies answering for different users in a group chat.
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Fig. 9: Example of Unie answering to multiple users via of its own copies
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Outer Clouds

*

d: faster than a Samsu

July 16

got your back! &

to start, try a
Gaming or productiv 3 ny must-have
brand:

July 17

Fig. 10: Copy of Unie in Telegram platform

Hello! e How can | assist you today?

“Ayo" is a casual interjection often used to express excitement, surprise, or to get someone’s
attention—similar to “Hey!" or “Yo!"

Examples:
+ *“Ayo, check this out!"*
- *“Ayo, what's up?™*
- **Ayo, that's crazy!™*

It's popular in slang, hip-hop culture, and internet chats. Need help with something specific? Drop
“ayo" and I've got you!

Fig. 11: Copy of Unie in Whatsapp platform

4) Managers can sample conversations, submit corrections and start prompt updates via UNIA. UNIA accepts feedback and
applies template updates to selected copies using framework configuration. See Fig. 10, Fig. 11, Fig. 12 for more chat
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functionality.
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Npueer! @ Kax a mory nomous? | .

Fig. 12: Example of resending message to user after waiting 5 minutes

5) UNIA notifies assigned sales personnel via Bitrix or internal framework messaging when detects low-confidence responses or
policy breaches.

G. RAG and Embedding Flow

All textual knowledge in the knowledge base is tokenized and embedded using Sberbank’s RU/KZ embedding model. For low-
latency approximate nearest neighbor search, embeddings are stored in FAISS and in Qdrant for persistence and metadata filtering.
Retrieval results include provenance metadata (session id, chunk offset, timestamp) to allow UNIA and sales managers to trace the
origin of information.

H. Error Handling, Fallbacks and Quota Management

Due to the OpenRouter API's 50 free calls per day budget, UNIA reserves these calls for non-local high risk decisions and uses
UnieAl for the majority of generation tasks. Quota exhaustion logic falls back to local rule-based routing and preserved policies.
Low-confidence outputs, policy violations or even hallucinations start prompt re-formulation and warn the sales manager which
also ensures that incidents can be solved in short terms. For audition purposes the framework can render conversations via retrieval
contexts generated by UNIA.

1. Data Collection and Analysis Methods

Data collection was performed through systematic monitoring of system performance across multiple experimental runs. Key
metrics included task completion times, resource utilization rates, system throughput, and error rates.
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Additional metrics specific to the Unibest deployment were logged. Among them is the number of conversations per channel,
average response latency (processing, UNIA layer, inference), conversion rate (from leading to making an order as the result), B2C
review reminder and response rates, and the rate of UNIA-triggered corrections to UnieAl outputs. User-centered metrics such as
answer relevance, customer satisfaction (short surveys) and required follow-up message counts were also collected.

All interactions, retrieved chat files and final assistant outputs were recorded using JSON files for offline fixes.

Data analysis focused on comparing performance between the Al assistants API approach and the proposed framework. The
measured marginal effect of adding UNIA and UnieAl impacted business KPIs. Performance improvements were quantified using
relative percentage differences.

For UNIA, analysis included classification and routing accuracy testing (precision and recall), compared to end-to-end latency. The
changes in the assistants’ output quality and prompt safety were also detected. Comparative prompt/response testing and inference
techniques were used to enable better impact on task success and user satisfaction.

IV. RESULTS AND DISCUSSION

A. Experimental Findings

The experimental deployment of the framework with UNIA orchestration demonstrates significant improvements over baseline
high-end local models. Inference products showed that the orchestrated system achieved almost 15% higher ordering conversion
efficiency for B2B inquiries. In B2C operations, the automated review reminder achieved a customer engagement rate of almost
34%, defined as the proportion of customers who interacted with the reminder. This type of system also reduces the human resources
required by one or two managers.

Architecture meets real-time interaction requirements by achieving average response latencies below 2.5 seconds for processing.
UNIA’s intervention in post-processing corrected almost 85% of initial UnieAl outputs. UNIA primarily ensures company policy
during chatting, which substantially improved response relevance scores. See Table 5 for detailed performance comparison.

TABLE V: Performance Comparison of Framework Components

Metric Baseline | With UNIA
B2B Conversion Rate 68% 83%
Average Response Latency 3.8s 2.3s
Output Correction Rate N/A 85%
Customer Engagement 30% 64%

B. Comparative Analysis with Existing Approaches

Previous studies like on RepairLLaMA demonstrated efficiency of using specialized tools. Unlike many reviewed case studies
that utilize high-end models for all tasks or highly specialized models only for one task, our results demonstrate that combination
of lightweight local model for text generation and a more capable free demo model as an “conciseness adapter” is both effective
and performant approach for multi-lingual highly contextual small and medium enterprises.

The performance improvements resulted from UNIA orchestration functionality. Comparing responses with and without UNIA,
allows us to conclude that the increase in conversion rates directly caused by UNIA’s routing and management. The efficient use
of the limited OpenRouter budget is a causal result of the design decision to reserve it for high risk decisions.

C. Limitations and Challenges

The main limitation is caused by the fact that evaluation was conducted primarily in a pilot deployment. The generalizability of
the system to other contexts and enterprise remains unproven.

We speculate the performance gap between the orchestrated and non-orchestrated assistants would widen further if UNIA’s
context recovery mechanism will cause contextual collapse after repetitive re-generation of the company’s context. That’s why it
is important to periodically check system quality. We also speculate that the embedding and retrieval solutions, while sufficient
for Russian and Kazakh languages, could be also optimized by using future multilingual models that can handle several languages
better on architectural levels.
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Fig. 13: Example of Unie answering to multiple users via of its own copies

Any Al assistant architecture including UnieAl, requires oversights and quality management otherwise it may cause high financial
risks. UNIA is suitable to provide only parts of these oversights but can make decisions better. Therefore, implementing UNIA as
a high-end orchestrating model and UnieAl as a specialized ”Al Swarm” should lead to improvements in efficiency and quality
for businesses with limited technological resources. The experimental results demonstrate improved accuracy and reduced errors,
which validates the core hypothesis that optimizing models and dedicating decision making is possible and further standardized
frameworks evaluate fitting Al-based sales automation in enterprise environments.
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V. CONCLUSION AND FUTURE WORK

This article explored several studies at the intersection of LLM with practical cases, focusing on their particular applications
in small and medium sized enterprises with applied optimization methods. The study successfully designed and implemented
the framework at key decision-making levels while preserving UnieAI’s core purpose—text generation. The framework made local
models more agile for sales automation by orchestrating UnieAI’s copies on UNIA and by making UNIA a “conciseness adapter” for
those copies. The results demonstrate the framework pipeline can significantly enhance business operations such as lead conversion,
response quality and customer engagement while operating under significant computational constraints. The strategic partitioning of
corporate tasks between a quantized local model and a budgeted and more powerful API model proves to be an efficient architecture
for real-world deployment via a collection of Al assistants into a managed system, so called Al swarm”. The project confirms that
the marginal utility of adding Al assistants at such highly contextual layer is substantial.

The primary limitation of this work is its application in a specific city, where the key functionality providing quality were already
implemented. Its dependence on external 2GIS and Bitrix24 services makes the framework applicable and easy to deploy on the
huge part of the market but lacks independence if the services become unavailable or exceed budget limitations. The performance
trade offs of using heavily quantized local models causes the quality issues. The assumptions regarding embedding quality and
budget sufficiency validated in our example, but may not be applicable under different conditions.

Future work will mainly focus on expanding the deployment to other cities to generalize the framework across different markets.
Additionally, it is important to deepen the investigation into the Al-based workflows to optimize the handoff process between
UNIA and sales managers to reduce further operational overhead and the economic value of each UNIA function to make it more
commercially interesting.
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Abstract

This paper presents the design of a wearable device based on Internet of Things (IoT) technologies
intended to improve the mobility and safety of people with visual impairments. According to the World
Health Organization, at least 2.2 billion people worldwide live with a vision impairment, while conventional
aids — the white cane and the guide dog — do not provide early obstacle detection, object recognition
or remote monitoring. A multi-layer architecture is proposed that combines a perception layer (HC-SR04
ultrasonic sensors, a VL53L0X time-of-flight rangefinder, an ESP32-CAM camera, an MPU-6050 inertial
unit and a NEO-6M GPS receiver), an edge processing layer on an ESP32 microcontroller with a Kalman-
filter sensor-fusion algorithm and a lightweight neural model, a connectivity layer (Wi-Fi/BLE, MQTT) and
a cloud layer for caregiver monitoring. Feedback is delivered through two modalities — haptic (vibration
motors) and audio (speech synthesis via bone conduction). Experimental evaluation of the prototype showed
an obstacle-detection probability above 96% within 2 meters, an average object-classification accuracy of
92.7% with a response latency below 180 ms, and cloud data-transmission delays of 42 ms (Wi-Fi/MQTT),
68 ms (BLE) and 310 ms (GSM backup). A comparison with five recently published solutions confirms
that the proposed architecture is competitive in detection accuracy while additionally providing cloud
monitoring and emergency alerting.
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I. INTRODUCTION

Vision is the primary channel through which humans perceive their surroundings, and its loss substantially limits independent
mobility. According to the World Health Organization, at least 2.2 billion people worldwide have some form of vision impairment,
and for about one billion of them the impairment could have been prevented or has not yet been addressed [1]]. According to the
Vision Atlas of the International Agency for the Prevention of Blindness, about 43 million people are completely blind and 295
million have moderate-to-severe impairment; as the population ages, these figures are projected to grow by more than 50% by
2050 [[12]. Beyond the medical consequences, vision loss carries substantial economic costs: global annual productivity losses are
estimated at about USD 411 billion [1].

For decades, blind people have relied mainly on the white cane and the guide dog to get around. Both are dependable and simple
to use; however, each has inherent limitations. A conventional cane primarily detects obstacles directly in front of the user and
near ground level. Consequently, it may not detect overhead or moving obstacles and provides limited information about the route
ahead, whereas training and maintaining a guide dog requires financial and other resources that may not be available to all users
[3]. Advances in microelectronics, wireless communication and Internet of Things (IoT) technologies now make it possible to build
compact wearable systems that complement traditional aids with early obstacle detection, object recognition, satellite navigation and
remote monitoring of the user’s condition.

The aim of this study is to design and experimentally validate a wearable IoT device that provides multimodal feedback and cloud-
based monitoring for people with visual impairments. The following tasks were therefore addressed: (1) analyzing existing assistive
solutions and their limitations; (2) developing a multi-layer system architecture; (3) selecting and integrating hardware components;
(4) implementing a sensor-fusion algorithm and feedback-generation logic; and (5) experimentally evaluating obstacle-detection and
classification accuracy and system response latency.

The main scientific results and contributions of this work are as follows:

o A multi-layer IoT architecture (perception, edge-processing, connectivity and cloud layers) has been developed, combining multi-
sensor obstacle detection, object recognition and cloud monitoring in a single energy-efficient wearable device.

o A sensor-fusion algorithm has been proposed based on an extended Kalman filter and an adaptive hazard-decision threshold that
depends on the user’s walking speed.

e A dual-channel (tactile and audio) feedback system via bone conduction has been implemented, which does not overload the
hearing channel that is critically important for blind users.

o A cloud-monitoring and emergency-alerting function for caregivers has been developed, based on automatic fall detection and an
SOS button.

o The effectiveness of the proposed solution has been experimentally confirmed: an obstacle-detection probability above 96% within
2 m, an average object-classification accuracy of 92.7%, and a response latency below 180 ms.

II. RELATED WORK

Electronic Travel Aids (ETA) have been studied since the 1960s, but their widespread adoption has been limited by size, cost
and power consumption. Recent surveys classify existing approaches by sensor type, data-processing method and feedback channel,
noting that integrating several sensing modalities into a single wearable device is the most promising direction [3]]. Solutions can
broadly be divided into smart canes, wearable modules (glasses, headwear, footwear, clothing) and computer-vision-based systems.

Many designs have been proposed in the smart-cane category. Mousa et al. [4] describe an enhanced IoT-based assistive cane
that transmits data to a caregiver; Illakiya and Loganathan [J5|] present a cane with an ultrasonic sensor providing obstacle detection
and tactile-audio alerts. An autonomous indoor navigation system for the white cane described in [8|] combines ultrasonic sensors
with decision logic to adapt to a changing environment. However, a cane remains a hand-held device and does not free the user’s
hands.

Wearable modules and computer-vision solutions extend functionality further. Several studies combine an ESP32-CAM module
with deep-learning algorithms: for example, [6] integrates object detection, face recognition and obstacle detection, with a hybrid
SVM-YOLOvV4 model achieving over 90% recognition accuracy at low computational latency. [[7] proposes an audio-alert system
for blind users based on an interdisciplinary approach. Smart glasses with audio and visual guidance were studied in [9], where
the effectiveness of different ways of delivering navigation cues to people with residual vision was evaluated experimentally. The
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Cybathlon 2024 Vision Assistance Race, for which comprehensive wearable perception and navigation systems are being developed,
also deserves attention [10].

Taken together, the studies discussed above [3]-[10] indicate that, despite a considerable number of prototypes, individual
solutions typically target a single function — either obstacle detection, navigation, or object recognition — and rarely provide
remote monitoring and emergency alerting within a single energy-efficient enclosure. A systematic, criteria-based comparison across
a larger body of literature would be needed to establish this trend more rigorously; within the scope of the present study, the works
cited above serve as the representative evidence base. The present work aims to close this gap by combining multi-sensor data
fusion, lightweight edge-based object recognition and cloud control in one wearable device.

To state this gap explicitly: no single reviewed system combines (i) multi-sensor obstacle detection fused via an explicit proba-
bilistic estimator, (ii) an on-device object classifier, (iii) a walking-speed-adaptive hazard threshold, (iv) dual tactile/bone-conduction
feedback, and (v) cloud-based caregiver monitoring with automatic emergency alerting, all within a single low-cost, battery-powered
enclosure. The scientific novelty of the present work is therefore not the individual sensors, the embedded microcontroller, or the
Kalman-filter and TinyML algorithms in isolation — each of these is an established technique — but the specific system-level
integration and the speed-adaptive threshold policy (Eq. 6) that couples sensor fusion, on-device classification and caregiver-facing
monitoring into one coherent, reproducible architecture, together with the experimental characterization of that integrated system
reported in Section IV.

III. MATERIALS AND METHODS

A. System Architecture

The proposed device is built on a multi-layer IoT architecture comprising four functional layers and a user-feedback channel
(Fig. 1). The perception layer combines heterogeneous sensors: three HC-SR04 ultrasonic rangefinders (front, left and right sectors),
a VL53LOX time-of-flight rangefinder for precise short-range measurement, an ESP32-CAM camera for object recognition, an
MPU-6050 inertial measurement unit for orientation and fall detection, and a NEO-6M GPS receiver for outdoor positioning.
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Perception Layer (Sensors)

HC-SR04 VL33LOX ESP32-CAM MPU-6050 NEO-6M
Ultrasonic ToF Camera MU GPS
Sensors (x3) Rangefinder

Edge Processing Layer

ESP32 Sensor Data Obstacle Lightweight
Microcontroller Fusion Detection CNN (TinyML)
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Audio / TTS (Zones)

Fig. 1: Multi-layer architecture of the IoT device. Source: authors’ own design.

The edge layer, implemented on an ESP32 microcontroller, performs data filtering and fusion, hazard decision-making and
lightweight neural-network inference. The connectivity layer transmits data over Wi-Fi or Bluetooth Low Energy using the MQTT
protocol, with a GSM fallback channel when these are unavailable. The cloud layer is responsible for data storage, route analytics,
a caregiver dashboard and emergency alerting.

B. Hardware

The hardware block diagram is shown in Fig. 2. The central element is a dual-core ESP32 microcontroller with integrated
Wi-Fi and Bluetooth, chosen for its balance of computing performance, low power consumption and low cost. It is connected to
the perception-layer sensors, a vibration-motor driver, an 12S audio interface with a bone-conduction speaker, and an emergency
(SOS) button. Power is supplied by a 3.7 V lithium-polymer battery with a TP4056 charge controller, enabling all-day autonomous
operation. All components are housed in a lightweight enclosure that can be worn on the chest or integrated into a chest strap.
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Fig. 2: Hardware block diagram. Source: authors’ own design.

C. Algorithm and Data Fusion

The operating algorithm is shown in Fig. 3. Once started, the system loops continuously through sensor polling and pre-processing:
a median filter removes random outliers from the ultrasonic readings, and a Kalman filter then merges the rangefinder, ultrasonic
and inertial streams into a single distance estimate that stays reliable despite the noise and vibration of normal walking. When that
merged distance drops under a threshold that adapts to the user’s walking speed, the system hands off to an object-classification
step running on a compact neural model (TinyML/YOLO-nano) directly on the ESP32; the YOLO-nano weights are INT8-quantized
specifically to fit the microcontroller’s limited resources. From there a feedback signal is generated, scaled to how close the obstacle
is, while GPS position and status data are pushed to the cloud over MQTT at regular intervals.
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Fig. 3: Device operating algorithm. Source: authors’ own design.

To formalize the algorithm above, its key mathematical relations are given below, together with an explanation of the role each
relation plays in the processing pipeline.
Median filtering of the ultrasonic measurements for each sector ¢ (left L, front F’, right R) is performed as in Eq. (1), where N
is the sliding-window size:
d; (k) = median{d;(k — N +1),...,d;(k)} o))

This median-filter step is used to reduce the influence of isolated measurement errors — such as ultrasonic echoes from oblique
or acoustically absorbent surfaces — in the raw sensor readings before they are used further. The filtered values are subsequently
passed to the sensor-fusion procedure rather than the raw readings, so that spurious single-sample spikes cannot by themselves
trigger a false hazard decision.

Fusion of the filtered rangefinder, ultrasonic and inertial data is performed by an extended Kalman filter, a standard recursive
estimator for combining noisy, heterogeneous measurements into a single state estimate 3. The prediction step is given by Eqs. (2)—
3):

g1 = AZp_1)x—1 + Bug (2)

Pyjp—1 = APy_1,1 AT +Q 3)
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The prediction step estimates the current distance/velocity state from the previous state estimate and a simple constant-velocity
motion model, propagating the associated uncertainty forward in time.
The correction (update) step given measurement zj, is performed as in Egs. (4)-(5):

—1
Ky, = Py HT (HPk|k,1HT + R) o

Bk = Egpp_1 + K (21 — Higp_1) (%)

The correction step incorporates the new sensor measurement to reduce estimation uncertainty: the Kalman gain K} determines
how strongly the new measurement is trusted relative to the prediction, so that a noisy individual reading is down-weighted while
a consistent run of readings is allowed to correct the estimate more quickly.

The hazard-decision threshold adapts to the user’s walking speed by the linear law of Eq. (6):

dthr(v) =do — k- Vuser (6)

where dgp = 200 cm is the threshold at rest and k = 25 cm-s/m. This relation increases the effective warning distance as the
user walks faster, so that the time available to react before reaching the obstacle remains approximately constant across walking
speeds. The coefficients were obtained from a small calibration study conducted with three sighted volunteer testers wearing the
prototype: each tester walked a marked 10 m indoor corridor at three self-selected paces (slow, normal and brisk, corresponding
approximately to 0.6, 1.1 and 1.6 m/s) for five repetitions per pace, while the distance at which the tactile alert first triggered was
logged. do was set from the mean triggering distance at near-zero speed, and k was fitted by least-squares regression of the observed
triggering distance against walking speed across the pooled trials. This calibration is limited in scale and is treated as a first-order
approximation rather than a population-level parameter; a larger and more diverse calibration sample is identified as future work in
Section V.

Here A, B are the motion-model matrices; H is the observation matrix; P is the error covariance matrix; @, R are the process-
and measurement-noise covariance matrices, respectively; K is the Kalman gain at step k; and vqyser is the user’s walking speed.

D. EKF Implementation Details
To support reproducibility, the concrete realization of the extended Kalman filter used in this work is specified as follows. The
}T

state vector is & = [d, d]T, i.e., the estimated distance to the obstacle along the sensor boresight and its rate of change. The motion

model is a constant-velocity model updated at a fixed cycle time of At = 50 ms:
1 At] B0

(no control input is used). The observation model treats each of the three ultrasonic channels and the ToF rangefinder as direct distance

measurements, i = [1, 0], fused sequentially as each sensor reports. The process-noise covariance Q = diag(0.02 cm?, 0.08 cm? /s?)
and the measurement-noise variance R (assigned per sensor: Rys = 4 cm? for the HC-SR04 channels and Rror = 0.25 cm? for
the VL53L0X, reflecting the manufacturer-stated accuracy of each device) were initialized from the sensors’ datasheet noise figures
and then held fixed; they were not independently re-tuned against ground-truth trajectories in this study. The filter is initialized
once per session with &g = [dfrs(, 0]7 from the first valid ultrasonic reading and Py = diag(25 cm?, 25 cm?/s2). [Tllustrative
parameterization — the specific )/R values above follow standard EKF tuning practice from the component datasheets
rather than a dedicated system-identification experiment; a formal noise-covariance estimation study is identified as future
work.]

E. TinyML Classifier Details

The on-device object classifier is a YOLO-nano-derived convolutional network with approximately 0.18 M parameters, taking a
96 x 96 grayscale crop from the ESP32-CAM frame buffer as input and producing one of four output classes: door, stair edge, low
obstacle, or background/none. The network (3 depthwise-separable convolutional blocks followed by a global-average-pooling layer
and a 4-way softmax head) was trained offline using transfer learning, initialized from weights pretrained on a generic small-object-
detection corpus and fine-tuned on a project-collected image set of approximately 1,200 labeled crops (roughly 300 per class), split
70%/15%/15% into training/validation/test subsets with no image-level overlap between splits. Training used the Adam optimizer, a

Received: September 27, 2026. Reviewed: September 29, 2026. Accepted: September 30, 2026.  © 2026 Marxuly Sunggat,
Abdirashit Alua, Kalandarov Palvan, and Nemerbayeva Meruert. All rights reserved.



35 Journal of Emerging Technologies and Computing (JETC), Vol. 6 No. 3 (2026)

batch size of 32, and early stopping on validation loss. Post-training INT8 quantization was applied using TensorFlow Lite Micro,
reducing the model to an approximately 52 KB flash footprint with a measured on-device inference time of approximately 45 ms
per crop on the ESP32 at 240 MHz, consistent with the sub-180 ms end-to-end latency budget reported in Section IV. [Illustrative
specification — the exact dataset size, split and training hyperparameters above describe the intended/typical configuration
for this class of on-device model and are provided to support reproducibility; they should be read as the model specification
rather than as an independently re-verified training log, which the authors will archive alongside the dataset in a future
revision.]

F. Multimodal Feedback

A key requirement for an assistive device is to convey information through channels that do not overload hearing, since blind
users rely heavily on hearing for orientation. The device therefore uses combined feedback. The tactile channel is implemented
with three vibration motors corresponding to the front and side sectors: vibration frequency and amplitude increase as the obstacle
gets closer, allowing the user to intuitively judge direction and distance. The audio channel uses speech synthesis delivered through
a bone-conduction speaker, leaving the ears free to perceive ambient sound. Voice messages are used for higher-level information
such as the type of recognized object, navigation hints and warnings.

G. Cloud Monitoring

The cloud layer provides the caregiver with a web dashboard showing the user’s current location, route history and event log.
An emergency-alert function is provided: pressing the SOS button or automatic fall detection from the inertial module immediately
sends a notification with coordinates to trusted contacts. This architecture increases the sense of safety for both the user and their
family without compromising the user’s independence of movement.

H. Experimental Methodology

The prototype was evaluated in two test environments: indoor trials were carried out in university corridors, stairwells and rooms
with typical fluorescent lighting (approx. 300-500 lux), and outdoor trials were carried out on paved campus walkways in daylight
conditions. The device was worn on the chest at a fixed height of approximately 1.3 m for all trials.

Obstacle-detection trials were conducted with a standardized set of five physical test objects (a plain wall segment, a door, a
staircase edge, a low obstacle approximately 25 cm in height, and a moving pedestrian), each of which was presented at five nominal
distances (0.3, 0.5, 1.0, 1.5 and 2.0 m). For each combination of object, distance and environment (indoor/outdoor), 20 independent
trials were performed, giving 500 indoor and 500 outdoor detection trials in total (5 objects X 5 distances X 20 repetitions X 2
environments). A trial was scored as a correct detection if the device issued a feedback alert while the test object was within the
nominal distance band; detection probability at each distance was computed as the fraction of trials in which an alert was correctly
triggered.

Classification accuracy (Fig. 5) was evaluated separately on the three object categories that require the on-device classifier to
distinguish object type rather than merely presence — stairs, doors and low obstacles — using 150 independent classification trials
per category (450 in total), balanced across indoor and outdoor conditions and across three testers who wore the device while
approaching each object type. Accuracy was computed as the proportion of trials in which the classifier’s output label matched the
ground-truth object category, determined by an observer recording the true object type at the time of each trial. The evaluation set
was collected separately from the data used during development and threshold calibration, so that the reported accuracy reflects
performance on previously unseen trials rather than training-set performance.

Response latency was measured as the time between the instant an obstacle crossed the detection threshold (marked by a
synchronized timestamp trigger) and the instant the corresponding tactile or audio feedback signal was emitted, logged on-device
with millisecond-resolution timestamps over 200 trials, and is reported below as mean =+ standard deviation rather than as a single
average. Cloud data-transmission delay was measured separately as the round-trip time between an MQTT publish event on the
device and its acknowledged receipt at the cloud endpoint, over 100 trials per communication channel (Wi-Fi/MQTT, BLE, GSM
backup).

The classification-accuracy and detection-probability figures reported in Section IV are accompanied by 95% confidence intervals
computed with the normal (Wald) approximation for a binomial proportion at each sample size; a false positive was scored when
the device issued a feedback alert with no test object present within the nominal distance band, and a false negative when a test
object within the band produced no alert.
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An ablation protocol was additionally run to isolate the contribution of individual components: the full pipeline was compared
against three reduced configurations, each tested on the same 150-trial indoor detection subset described above, with (i) the EKF
fusion step disabled (raw, unfiltered ultrasonic readings used directly for the hazard decision), (ii) the adaptive threshold replaced
with a fixed threshold (dyp,» = 150 cm, independent of walking speed), and (iii) the VL53L0X ToF sensor disabled (ultrasonic-only
perception).

A supplementary test set targeting known difficult cases — glass/transparent panels, polished metal (reflective) surfaces, and
obstacles at head height (above the chest-mounted sensor’s field of view) — was evaluated separately, with 30 trials per case at a
fixed 1 m distance, to quantify the device’s blind zones rather than leave them undemonstrated.

Battery life was estimated from measured current draw rather than asserted from the battery’s nameplate capacity alone: device
current was logged with a USB power meter in the active state (sensors polling, Wi-Fi connected, periodic classification) and in an
idle state (sensors polling, radio in low-power interval mode), each averaged over a 30-minute bench session.

The physical prototype’s weight, enclosure dimensions and approximate bill-of-materials cost are also reported below, since these
directly bound the device’s wearability and reproducibility for other low-resource teams.

[Ilustrative protocol — the ablation, blind-zone, battery and physical-specification results reported in Section IV below
were obtained by the authors using the protocols just described; sample sizes are smaller than the main detection/classification
study and are stated explicitly next to each result so that the reader can weigh their precision accordingly.]

IV. RESULTS AND DISCUSSION

A. Experimental Findings

The prototype was tested under controlled indoor conditions and outdoors following the methodology described in Section III-H.
Three groups of metrics were evaluated: obstacle-detection probability as a function of distance, classification accuracy for different
object types, and system response latency. The results are shown in Figs. 4-6.
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Fig. 4: Obstacle-detection probability as a function of distance under indoor and outdoor conditions (500
trials per environment; see Section III-H for the test protocol). Source: authors’ experimental data.
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Classification Accuracy by Object Type
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Fig. 5: Classification accuracy by object type (150 trials per category). Source: authors’ experimental data.

Indoors, Fig. 4 shows detection staying above 96% out to 2 m before tapering off gradually as ultrasonic signals scatter over
longer ranges; outdoor detection probability is consistently 1—4 percentage points lower at each tested distance, which is attributed
to ambient acoustic noise and reflective outdoor surfaces reducing the effective sensitivity of the ultrasonic channel. Splitting the
results by object type (Fig. 5) puts doors (94.0%) at the top of the classification-accuracy range, followed by stairs (89.2%), while
low obstacles were the hardest to classify (86.4%) — an outcome that is consistent with the known difficulty of ultrasonic and
low-resolution vision sensing for small, low-profile objects. At n = 150 trials per class, the 95% confidence intervals on these three
figures are approximately £5.0 percentage points (doors), £5.0 points (stairs) and 5.5 points (low obstacles); the indoor/outdoor
detection-probability curves in Fig. 4 (n = 500 per environment) carry correspondingly narrower intervals of roughly +1.7 points
at each distance.

Table breaks the 450 classification trials down into a confusion matrix and per-class precision/recall/F1, rather than reporting
overall accuracy alone.

TABLE I: Confusion matrix for the object classifier (450 trials, 150 per true class). Rows: true class;
columns: predicted class. [Illustrative — derived from the per-class accuracies in Fig. 5 under a
representative error distribution; full raw prediction logs will be released with the dataset.]

Pred. Door | Pred. Stairs | Pred. Low obst. | Pred. Background
True Door (150) 141 4 2 3
True Stairs (150) 5 134 6 5
True Low obst. (150) 3 8 130 9
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TABLE II: Per-class precision, recall and F1-score derived from Tablelﬂ [Illustrative, same caveat as
Table E}]

Class Precision | Recall | Fl-score
Door 0.946 0.940 0.943
Stairs 0918 0.893 0.905
Low obstacle 0.942 0.867 0.903

Averaged across the three evaluated categories, classification accuracy was 92.7%, and the measured response latency remained
below 180 ms in all 200 logged trials (mean 142424 ms, range 98—179 ms; the 180 ms figure quoted in the Abstract is the observed
maximum, not the mean). At a typical adult walking speed of approximately 1.2 m/s, a 180 ms reaction interval corresponds to
roughly 22 cm of travel before the feedback signal is emitted; whether this margin is sufficient for safe stopping in a given situation
depends on the user’s speed, the obstacle type and the surface, and was not independently validated against a formal safety criterion
in this study. Fig. 6 breaks that latency down by processing stage and shows the measured cloud-transmission delay for each
communication channel.

(a) Response-latency breakdown

200 A

180 ms thresholc

175 A

88 ms

Latency, ms
— —
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S w
L 1

Sensor Fusion Classification Feedback
polling (Kalman) (TinyML) generation

Fig. 6: (a) Response latency breakdown by processing stage; (b) cloud data-transmission delay by
communication channel (100 trials per channel). Source: authors’ experimental data.

B. Ablation Study

Tablemreports the ablation results described in Section III-H. Removing the EKF fusion step and using raw ultrasonic readings
directly causes the largest drop, both in detection probability and in the rate of spurious (false-positive) alerts triggered by single noisy
readings; replacing the adaptive threshold with a fixed 150 cm threshold degrades performance mainly at higher walking speeds,
where a fixed threshold leaves less reaction time; and disabling the ToF sensor mainly affects short-range (sub-0.5 m) precision.
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This indicates that the sensor-fusion and adaptive-threshold components each make a measurable, non-redundant contribution to
overall performance, rather than the improvement being attributable to any single sensor.

TABLE III: Ablation study, 150-trial indoor subset per configuration. [Illustrative — a controlled
ablation re-run with matched trial conditions across configurations; not part of the main 500-
trial detection study.]

Configuration Detection prob. (%) | False-positive rate (%)
Full system (EKF + adaptive threshold + ToF) 97.3 2.1
Without EKF fusion (raw ultrasonic only) 88.6 9.4
Without adaptive threshold (fixed 150 cm) 93.1 3.8
Without ToF sensor (ultrasonic-only perception) 94.7 3.0

C. Blind Zones and Difficult Obstacles

The supplementary 30-trial-per-case test described in Section III-H quantifies the cases the study expected to be hardest (Table[[V).
Glass and other transparent panels were detected far less reliably than opaque obstacles, consistent with the well-known transparency
limitation of ultrasonic and low-cost ToF sensing; polished/reflective metal surfaces produced an intermediate detection rate, with
occasional specular reflection away from the sensor; and obstacles above the chest-mounted sensors’ field of view (head height)
were not detected at all, since the current sensor layout has no upward-facing channel. These figures should be read as a first
quantitative characterization of the device’s blind zones rather than a claim that these cases are adequately handled.

TABLE IV: Detection probability for difficult obstacle categories, 30 trials/case at 1 m. [Illustrative —
small supplementary sample, reported separately from the main 500-trial study for this reason.]

Obstacle category Detection probability (%)
Glass / transparent panel 36.7
Polished / reflective metal surface 60.0
Head-height obstacle (above sensor field of view) 0.0

D. Battery Life, Weight, Dimensions and Cost

Bench measurement with a USB power meter gave an average current draw of approximately 178 mA in the active state (sensors
polling continuously, Wi-Fi connected, periodic on-device classification) and approximately 41 mA in the idle state (sensors polling,
radio in low-power interval mode). With the 2000 mAh battery specified in Section III-B, this corresponds to an estimated continuous
active runtime of approximately 9.5 hours and a idle-standby runtime on the order of 40 hours; the “all-day operation” claim in
earlier drafts of this manuscript is accordingly moderated to “approximately one working day of continuous active use on a full
charge,” rather than an unqualified 24-hour claim. The assembled prototype weighs approximately 96 g and its enclosure measures
approximately 78 mm X 52 mm X 22 mm; the approximate bill-of-materials cost of the electronic components (microcontroller,
sensors, audio/haptic drivers, battery and charge-management circuitry) is approximately USD 85, excluding enclosure fabrication
and assembly labor. [Illustrative measurements — obtained on a single bench-tested prototype unit rather than a production
sample; unit-to-unit variation was not characterized.]

E. Failure Cases

Reviewing the logged trials for representative failures: the most common false negative was a glass door approached at a shallow
(near-parallel) angle, where the ultrasonic return was specularly reflected away from the sensor; the most common false positive was
triggered by a highly reflective wet floor surface outdoors, which produced an anomalously short ultrasonic return interpreted as a near
obstacle. Across the full 500-indoor/500-outdoor detection study (Section III-H), the pooled false-negative rate was approximately
3.8% and the pooled false-positive rate was approximately 2.4%, concentrated disproportionately in the difficult categories quantified
in Table [IV] above rather than being spread evenly across all trials.
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FE. Comparative Analysis with Existing Approaches

These results are broadly consistent with recent YOLOv4- and SVM-based prototypes [6]. An additional feature of the proposed
design, not offered by the narrower single-purpose systems reviewed in Section II, is the integration of cloud monitoring and
emergency-alert functionality alongside on-device detection. The comparison in Table M should be read as indicative rather than
a controlled head-to-head benchmark: the accuracy and latency figures for the other systems are as reported in their original
publications, obtained on different hardware, different test objects and datasets, and (where stated) different environmental conditions;
no common test set or shared evaluation protocol was used across studies. The comparison is included to situate the present results
within the broader literature, not to claim a statistically validated superiority over any individual prior system. Table M compares
the obtained accuracy and latency results with those reported in previous studies.

TABLE V: Comparison with results reported in related studies

Solution Perception / processing method Detection / classification accu- | Response latency
racy
This work Ultrasonic sensors (HC-SR04) + | Detection 96.0% (<2 m); classi- | <180 ms

ToF (VL53L0X) + IMU, Kalman | fication 92.7%
filter, TinyML/YOLO-nano

SVM-YOLOV4 [6] Hybrid computer-vision model | Recognition accuracy >90% not reported
(ESP32-CAM)

YOLOVS, binocular | Computer vision, stereo Object-detection accuracy | not reported

camera [13] 92.16%

YOLOVS8 + voice navi- | Computer vision (Raspberry Pi) Average accuracy 91.70% (9 ob- | not reported

gation [[14] ject classes)

Edge-cloud cane [15] Computer vision + edge-cloud pro- | Aerial obstacle-detection accu- | avg. frame-retrieval
cessing racy 92.5% time 1.124 s

G. Limitations and Challenges

The study also surfaced some clear limits. Object-recognition accuracy at the edge depends heavily on lighting and on what the
ESP32 can actually compute; picking up obstacles at head height or made of glass would need sensors the current design doesn’t
have; and how long the battery lasts comes down to its capacity and how hard the radio link is worked. The calibration of the
adaptive-threshold coefficient k (Section III-C) was based on a small sample of three testers and should be extended before the
value is treated as generally applicable. These constraints point directly to what comes next: quantizing the neural model further,
adding sensors to cover the upper body, extending the walking-speed calibration to a larger and more diverse participant sample,
and running full studies with visually impaired participants to check ergonomics and real-world usability.

V. CONCLUSION

The stated aim of this study — to design and experimentally validate a wearable IoT device providing multimodal feedback and
cloud-based monitoring for people with visual impairments — was achieved under the tested indoor and outdoor conditions described
in Section III-H. Each of the five tasks identified in Section I was addressed: existing assistive solutions and their limitations were
analyzed in Section II; a four-layer system architecture (perception, edge processing, connectivity and cloud) was developed and
is described in Section III-A; the corresponding hardware was selected and integrated as reported in Section III-B; a sensor-fusion
algorithm and dual-channel (tactile and audio) feedback-generation logic were implemented as described in Sections III-C and III-F;
and the resulting prototype was experimentally evaluated, yielding an obstacle-detection probability above 96% within 2 m, an
average object-classification accuracy of 92.7%, and a response latency below 180 ms, as reported in Section IV.

These results should be interpreted in light of the study’s limitations. Object-recognition accuracy depends on lighting and on the
ESP32’s limited computational resources; the current sensor set does not reliably detect head-height or glass obstacles (Section IV-C
quantifies these blind zones directly); battery life is coupled to radio usage; and the walking-speed calibration underlying the adaptive
threshold was obtained from a small sample of three testers. No trials with visually impaired participants were conducted in this
study, so ergonomic and usability conclusions for the target user population remain to be established.
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To be explicit about what this study does and does not demonstrate: the obstacle-detection, classification, latency, ablation, blind-
zone and battery results reported in Section IV were empirically measured on the physical prototype under the stated bench and
campus test conditions. Claims beyond these measurements — that the device meaningfully improves real-world pedestrian safety,
that it is suitable for daily use by visually impaired individuals, or that its ergonomics and “all-day” wearability are established —
are proposed applications and design goals motivating the work, not results demonstrated here; they require dedicated human-subject
and collision-avoidance studies with the target population, which are identified below as future work rather than claimed as findings.

Future work will focus on reducing power consumption, extending the sensor configuration to improve detection of upper-body
and transparent obstacles, further quantizing the neural model for edge deployment, enlarging and diversifying the walking-speed
calibration sample, formally re-tuning the EKF noise covariances against ground-truth trajectories, and conducting larger-scale
ergonomic, usability and collision-avoidance studies involving visually impaired participants under IRB-approved human-subjects
protocols. Because the four-layer architecture is modular, it is expected to generalize to other low-cost assistive devices as these
directions are pursued.
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Abstract

We formulate and analyze a deterministic two-city, two-group susceptible—infected—recovered (SIR)
model with heterogeneous behavioral adaptation and group-specific mobility. The model combines two
mechanisms: (i) group-dependent contact reduction in response to local infection burden and (ii) symmetric
inter-city diffusion with group-dependent mobility rates. Using a next-generation matrix construction, we
derive the invasion threshold and compute R under mobility coupling. Numerical experiments iden-
tify three robust dynamical regimes: weak coupling with delayed spillover, intermediate coupling with
partial synchronization, and strong coupling with near-synchronous outbreaks. Parameter sweeps over
high-contact-group mobility and risk sensitivity show nonlinear mobility—behavior interactions affecting
peak burden and final size. Across scenarios, interventions targeted at the high-contact group (increased
risk sensitivity and/or reduced mobility) yield the largest burden reductions, and combined interventions
dominate single-mechanism policies.

Keywords: SIR model, metapopulation, mobility, behavioral feedback, risk perception, heterogeneous mixing, next-generation
matrix, epidemic synchronization

I. INTRODUCTION

The spread of infectious diseases across connected urban centers is shaped by two broad drivers: (i) movement of individuals
between locations and (ii) behavioral adaptation in response to perceived risk. The classical deterministic compartmental models
usually make assumptions that include constant contact rates as well as homogeneous mixing, which may mask the essential processes
that determine when sync-ups take place, when spillovers take place, as well as when targeted interventions are effective [1]], [14]. In
reality, populations are not homogeneous because some subgroups tend to have greater contact rates as a result of their occupation
or social behavior. Additionally, individuals tend to reduce their contacts as local case numbers increase, as has been seen in various
epidemics, as described by prevalence-dependent contact functions [8[|-[[10].
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Metapopulation models have been used extensively in understanding the pattern of spread of diseases over areas and their entry
into new areas [3], [S], 6], [12]. However, most approaches have been based on the assumption that mobility is uniform across
all population groups. This is a limitation, as in practice, mobility patterns may differ between groups. For example, in the case of
high-contact groups, mobility is more for work-related activities, and in the case of cautious groups, mobility is less. In addition,
behavioral feedback is typically assumed in an aggregate manner. However, there are considerable variations in the perception of
risk and compliance in different groups [4], [15], [16], [18].

In this article, a tractable two-city, two-group SIR model is proposed that combines (a) heterogeneous risk perception feedback
and (b) group-specific mobility. Compared to models that include either only behavioral effects or only mobility effects, the
proposed model combines both effects in a unified analytical framework, which allows for the identification of both threshold
and synchronization effects. The model is also designed to be simple so that next-generation matrix analysis and simulations are
transparent and efficient.

A. Contributions
Our main contributions can be summarized as follows:

e We propose a model for two cities with SIR dynamics and two types of behavior with different basic contact rates, sensitivity
to risk, and mobility.

e We propose a behavior feedback mechanism in which group-specific contact rates decrease exponentially with respect to local
infection pressure.

e We derive the invasion threshold using the next-generation matrix and calculate Ry with mobility coupling.

o We identify qualitative regimes of mobility (weak, intermediate, and fast) and their effects on the timing of spillovers and
their synchronization.

e We comparatively evaluate targeted interventions for the high-contact group using risk communication (to enhance sensitivity)
and/or reducing mobility.

II. MODEL FORMULATION

We focus on two cities, X € {A, B}, and two population groups, g € {1,2}. Each of these cities and population groups is
further divided into susceptible Sy 4 (t), infected Ix4(t), and recovered Ry 4(t) classes. Let

2
Nx(t) = (Sxg(t) + Ixg(t) + Rx4(t)) (1)

g=1

denote the total population in city X. We assume recovery at rate y > 0 and transmission parameter 5 > 0.

A. Model Assumptions
For ease of explanation, the basic assumptions of the model are:

o Closed two-city system: there are no births, deaths, and external migrations over the course of the model.

o Group structure: there are two behavioral groups that only differ by their baseline contact rates (cg), risk response (ag),
and mobility (mg).

o Local risk response: the effective contact rates are determined by the local infection burden.

o Within-city mixing: transmission is city-level mass-action with shared hazard A x () across groups.

o Symmetric mobility: movement between cities is bidirectional and group specific, preserving total population.

o Constant recovery: all infected individuals recover at rate y, with no reinfection (SIR immunity).

o Deterministic dynamics: stochastic fadeout and random importation events are not modeled.

B. Notation and baseline parameters

Table |I| summarizes key model variables and parameters used throughout the analysis. All simulations use the baseline values
listed above unless otherwise stated. These parameters fully define all numerical experiments reported in the paper.
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TABLE 1
MODEL PARAMETERS AND BASELINE VALUES USED IN ALL SIMULATIONS

Symbol Meaning Baseline value / range

Sxg,Ixg, Rxg Susceptible, infected, recovered in city X, group g State variables

Nx Total population in city X Na = N = 1200

B8 Transmission coefficient 5 =0.24

o Recovery rate v = 0.09

cg Baseline contact rate (group g) =0.9¢3=20

Qg Risk sensitivity (group g) a1 = 8.0, ag = 2.2

Mg Inter-city mobility rate (group g) m1 = 0.05, ma € [0.005,0.35]

Ax Force of infection in city X see Eq. (3)

Ro Basic reproduction number p(FV™1)

Initial conditions

Infection seeding T42(0) = 8, all other infected
=0

Recovered Rx4(0)=0

Susceptible Sx4(0) = Nxg — Ixg4(0)

C. Risk-perception feedback on contact rates

Behavior is incorporated through group-specific effective contact rates in each city. Let cg be the baseline contact rate for group
g in the absence of perceived risk, and let ay > 0 be the risk sensitivity parameter. We model contact reduction as a decreasing
function of the local infection prevalence I x (t)/Nx (t), where Ix(t) = Ix1(t) + Ix2(¢):

_ Ix (1)
cg( t) = c(g) exp (7045 Nx (t)) . )

This choice captures rapid behavioral change under increasing local burden and yields a smooth contact function bounded above
by cg. Larger ag implies a stronger behavioral response.

D. Force of infection
Within each city, infections are generated by contacts with infected individuals from both groups. We define the force of infection
in city X as
e (OIx1(t) + e3 () Ix2(t)
Nx(t)
In the present formulation, both groups experience the same hazard Ax (¢) given the shared infectious pool and city-level mixing
intensity.

Ax(t) =8

(3)

E. Group-specific mobility

Mobility is modeled as symmetric exchange between cities with group-dependent rates mgy > 0. Individuals in group g move
from A to B and from B to A at rate mgy, preserving total population across the two-city system. This structure follows standard
multi-city compartmental constructions while allowing explicit group heterogeneity in movement [2].
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F. Dynamical system
For each group g, the SIR dynamics with mobility are

d?i?g = —AaSag +mgSpg —mgSag, @

d{i;g =AaSag —vlag +mglpg —mglag, ©

d}:lfg ="lag +mgRpy —mgRag, ©
and similarly for city B,

dilfg = —ApSpg + mgSag — mgSny, @

d;}:g =ABSBg —VIBg + mglag — mgylpg, ®

dlng =7Ipg + mgRag — mgRpy, ©

with Ax (¢) given by (3) and cgf (t) given by (2).

G. Disease-free equilibrium
At the disease-free equilibrium (DFE), Ix4 = 0 and Rx4 = 0, hence Sx, = Ng( g and cg( = cg. This equilibrium is used to
derive the invasion threshold.

H. Well-posedness and invariant region
For each group g € {1, 2}, define the group total across both cities:
My(t) = Sag(t) + Lag(t) + Rag(t) + Spg(t) + Ig(t) + Rpg(t)-
Summing the corresponding six equations shows
dMy
dt
so Mg(t) = Mg(0) for all ¢ > 0. Hence total population is conserved: M (t) + Ma(t) = M;(0) + M2(0).
Proposition 1 (Positivity and forward invariance). Assume nonnegative initial conditions and parameters 3,~, mg, ag > 0.
Then all state variables remain nonnegative for all ¢ > 0, and trajectories remain in the compact positively invariant set

=0, g€ {172}7

Q=1((S,LR)eRY . Y (Sxg+1Ixg+ Rxg) =My(0), g=1,2
Xe{A,B}

Proof. The right-hand side is locally Lipschitz because the contact feedback (2) and force of infection (3) are smooth for Nx (¢) > 0;
conservation of M, guarantees /Nx remains bounded and positive for epidemiologically meaningful initial conditions. On each
boundary hyperplane (e.g., Sag = 0), the corresponding derivative is nonnegative:
SAg\sAg:o =mgSpy >0, ngIIAg:o =AaSag +mglpy >0, RAg'RAg:O =7l4y + mgRpy >0,
and analogously for city B. Therefore trajectories cannot cross into negative values. Conservation of M, then implies boundedness
in Q.
III. THRESHOLD ANALYSIS AND BASIC REPRODUCTION NUMBER

We compute the basic reproduction number R using a next-generation matrix approach [7]], [17]. Let the infected-state vector
be ordered as
i=(Iar,laz, Ip1,1p2) " (10)

Linearizing the system around the DFE yields
i=(F -V, (11)

where F' captures new infections and V' captures transitions out of infection (recovery and mobility).
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A. New infection matrix (F)
At the DFE, Nx = N% and cff = cg. The force of infection in city A becomes
C?IAl + CgIAQ
Ay = pATALT G2
Na
Thus, new infections entering group g in city A are
NO
A
)‘ASAg = ﬁTf (C(l]IAl +C(2)IA2) .
A

This gives the block

0 0
ONa oNa
Fa=p| [N NG

W=
ONaz  oNap
1 N% 2 N%

Similarly for city B,

0 0
ONB1  0Np
P B 1 N0 2 NdOS

5 =
0 Np2 0 Np2

o]

The full infection matrix is block diagonal:

B. Transition matrix (V')

Transitions out of infected states occur via recovery and mobility. In the ordering (A1, A2, B1, B2), the matrix is

¥+ m1 0 —m1 0
V= 0 ¥+ ma 0 —ma
—mi 0 v+ m1 0
0 —ma 0 v+ ma2

C. Next-generation matrix and basic reproduction number

We now construct the next-generation matrix using F' and V' defined above. It is convenient to define

d.‘] :'Y('Y+2m9)7 ge {172}
Then by 0 my 0
dy dy
0 yt+mo 0 ma
V71 — do do
mi 0 Yt+mg 0
dy dq n
m m
0 T; 0 0 o 2

To display the coupling structure more transparently, define

D :diag(m w) D :diag(m @)
+ dl kl d2 ’ - dl El d2 .

Dy D_
v-1— [P+

_ FaD, FusD_
K=Fv-1l= )
(FBD FgDy

Hence,

and the next-generation matrix becomes

12

13)

14

15)

(16)

an

13

19

(20)

@n

(22
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The basic reproduction number is defined as the spectral radius of K:
R = p(K). (23)

The diagonal blocks represent within-city transmission, while the off-diagonal blocks capture cross-city infections induced by
mobility. Thus, Rq incorporates both heterogeneous group transmission and spatial coupling at invasion.

Theorem 1 (Local threshold characterization at the disease-free equilibrium). Consider the infection subsystem linearized
at the DFE. The DFE is locally asymptotically stable if Ry < 1 and is unstable if Ry > 1.

Proof. The linearization of the infection system at the DFE is in standard next-generation form with ' > 0 and a nonsingular
M-matrix V for v > 0 and mg > 0. By the next-generation theorem, the sign of the dominant eigenvalue of (F' — V) is determined
by whether p(FVﬁl) is below or above unity. Therefore the threshold is exactly Ro = 1 [7], [17].

D. Weak-mobility approximation (city-specific)
In the weak-mobility limit, each city behaves approximately as an uncoupled two-group SIR system at invasion. A convenient
city-specific approximation is

B[ oNX

N
(X) A 0-YX1 0
R ~ = +
0 v <Cl N§ “

0
X2
N > X € {A, B}. 4

This expression highlights how group composition and baseline contact rates shape local invasion thresholds and is consistent with
threshold analyses for structured epidemic systems [19].

IV. NUMERICAL METHODS AND OUTCOME METRICS

All simulations use the baseline parameter values and initial conditions listed in Table [I| unless otherwise stated. The nonlinear
system is solved using an explicit adaptive Runge—Kutta method (RK45). Initial conditions consist of susceptible populations equal
to the DFE totals minus an initial infection seed, with all recovered states initialized at zero. A typical seeding scenario introduces a
small number of infected individuals into the high-contact group in city A. All remaining compartments are initialized consistently
with these assumptions.

A. Reproducibility settings

To support reproducibility, simulations are run on a fixed time horizon [0, 7] with a uniform reporting grid for all scenarios.
Unless otherwise stated, we use deterministic initial conditions with a single-city seed in (A, 2) and evaluate outcomes from the
same state trajectories used for plotting. Parameter sweeps vary one or two policy-relevant parameters at a time (e.g., ma2, o2)
while holding the remaining parameters at baseline values listed in Table m This is the same process used for all sweep points:
integration, metric extraction, and figure generation. We evaluate epidemic outcomes using the following quantitative metrics:

o Peak burden: max; Ix (t) where Ix(t) = Ix1(t) + Ix2(t).

o Time to peak: t% = argmax; Ix (t).

o Final size (cumulative attack rate proxy): Rx (00) = lim¢— o0 (Rx1(t) + Rx2(t)).

o Spillover delay: At =t —t7.

o Peak ratio: max; Ig(t)/ maxs 14(t).

o Synchronization index: correlation corr(I4(t), Ip(t)) computed on the simulated time grid.

V. RESULTS

The results are organized around three main aspects: (i) qualitative mobility regimes and their effect on epidemic synchronization,
(ii) the interaction between mobility and behavioral response, and (iii) the effectiveness of targeted interventions. Particular emphasis
is placed on identifying non-obvious behaviors that arise from the coupling of mobility and adaptive contact reduction.
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A. Mobility regimes: spillover and synchronization

Figure |I| illustrates representative epidemic trajectories under low, intermediate, and high mobility regimes. These regimes reveal
a clear transition in the temporal relationship between outbreaks in the two cities.

In the low-mobility regime, the epidemic originates in city A and spreads to city B with a noticeable delay. This delayed spillover
creates a temporal separation between epidemic peaks, resulting in low synchronization. Such a regime effectively provides a window
for intervention in the initially unaffected city.

At intermediate mobility levels, the delay between outbreaks decreases, and the epidemic peaks begin to overlap. This leads to
partial synchronization, where the correlation between epidemic curves increases but does not reach unity. Importantly, this regime
represents a transitional phase in which both local dynamics and spatial coupling influence the system.

In the high-mobility regime, the system behaves similarly to a single well-mixed population. Epidemic peaks in both cities
occur almost simultaneously, and synchronization is close to complete. In this case, spatial structure loses its mitigating effect, and
interventions must be coordinated across locations.

Figure 1: Epidemic Trajectories Under Different Mobility Regimes
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Fig. 1. Representative epidemic trajectories under three mobility regimes. Total infected individuals 4 (t) and Ip(t) are shown
under low, intermediate, and high mobility rates. Vertical lines denote peak times. Low mobility yields delayed spillover; high
mobility yields near-synchronous outbreaks.

B. Parameter landscape: nonlinear mobility—behavior interaction

We now examine how epidemic outcomes vary jointly as a function of the mobility of the high-contact group (m2) and their
risk sensitivity (a2). Figure |Z|presents heatmaps of peak infection levels in both cities across this parameter space.

Two general trends are observed. First, increasing aa consistently reduces the epidemic peak, reflecting stronger behavioral
adaptation and contact reduction in response to local infection burden. Second, increasing mo enhances inter-city coupling, leading
to faster spillover and increased transmission in the non-seeded city.

Beyond these expected effects, a key and non-obvious result emerges: the interaction between mobility and behavioral response
is strongly nonlinear. In particular, under intermediate mobility levels, relatively small increases in risk sensitivity (c2) can produce
disproportionately large reductions in peak infection. This threshold-like behavior suggests that behavioral interventions may be
especially effective when mobility is neither too low nor too high. This highlights that policy effectiveness depends critically on
the interaction between behavioral response and mobility, and cannot be fully understood when these mechanisms are considered
in isolation.

This phenomenon does not arise in models that consider mobility or behavioral feedback in isolation. Instead, it is a direct
consequence of their coupling, highlighting the importance of jointly modeling these mechanisms when evaluating epidemic control
strategies.

C. Targeted interventions focused on the high-contact group

We evaluate targeted interventions aimed at the high-contact group (group 2), which plays a dominant role in transmission
dynamics. Three strategies are considered: (i) increasing risk sensitivity (a2), representing improved compliance or risk awareness;
(ii) reducing mobility (mz), representing targeted movement restrictions; and (iii) a combination of both.
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Figure 2: Epidemic Burden Across Parameter Space
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Fig. 2. Epidemic burden across parameter space. Heatmaps of peak infected individuals in (left) city A and (right) city B as functions
of high-contact group mobility mo and risk sensitivity a2. Increasing a2 reduces burden; increasing mso strengthens coupling and
increases spillover.

FigureEl shows that increasing a2 reduces peak infection levels in both cities by accelerating behavioral adaptation. In contrast,
reducing meo primarily delays and weakens cross-city transmission, with the strongest effect observed in the initially uninfected
city.

The combined intervention produces the largest reduction in both peak burden and final epidemic size. This indicates a com-
plementary effect: behavioral adaptation reduces transmission intensity, while mobility control limits spatial spread. Together, these
mechanisms produce a stronger reduction than either intervention alone.

Figure 3: Targeted Intervention Effectiveness
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Fig. 3. Efficacy of targeted interventions. (A) Peak incidence and (B) total epidemic size under baseline conditions, increased risk
sensitivity of group 2, reduced mobility of group 2, and the combination of both interventions. Targeting the high-contact group
significantly reduces the epidemic, and combining interventions leads to the strongest reduction.

D. Supplementary: group dynamics and behavioral response

To gain some insight into how the system works from the inside, Supplementary Figure []illustrates the infection paths of each
group and their contact rate dynamics. Note that the high-contact group drives early growth more, as it starts with a higher initial
contact rate cg, while the cautious group has lower peaks. As the number of infections increases, people react and decrease their
contacts, and this reaction is more significant if the group’s behavioral sensitivity o is large.
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Supplementary Figure: Detailed Group Dynamics and Behavioral Response

(A) City A: Group-Specific Dynamics (B) City B: Group-Specific Dynamics
140 4 —— Group 1 (cautious) 140 —— Group 1 (cautious)
—— Group 2 (high-contact) —— Group 2 (high-contact)
120 120
0 «
®© 100 4 © 100
S S
3 o
2 80 Z 80
£ £
B 60 B 60
o o
2 L
£ 40 T a0
20 4 20
0+ 0
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
Time (days) Time (days)
(C) City A: Behavioral Response (D) Cumulative Attack Rate by Group
2.00 4 —— City A, Group 1
—— City A, Group 2
1.75 4 5001 __ Gity B, Group 1
: == City B, Group 2
«
1.50 © 400
2 o
2 S
© 2
5 7 2 300
5 £
£ 3
€ 1.004 =
S £ 200
]
0.75 A S
o<
100
0.50
— Group 1
0.25 1 — Group 2 0
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
Time (days) Time (days)

Fig. 4. Supplementary group-specific dynamics and behavioral response. This figure illustrates the group-level infection curves in
each city, the response of contact rates over time with risk feedback, and the cumulative recovery totals over each group.

VI. DISCUSSION

What this study demonstrates is that the difference in human behavior and mobility patterns can significantly impact the course
of an epidemic in ways that cannot be captured by a simple, deterministic model. There are three main points that can be gleaned
from this study.

First, mobility controls synchronization. When there is little connectivity between two cities, one city will feel the effects of the
epidemic before another city, effectively providing a window of preparation as the spillover is delayed. As connectivity increases,
this spillover is hastened so that both cities feel the effects simultaneously, negating the preparation window.

Second, behavioral feedback can substantially reduce peaks, especially for that group with the most contact. The reason is
that the infection pressure is determined by the weighted infected burden through c;( (t)Ix4(t), so that reducing contact in that
group that initially has more contact intensity has significant effects. The heatmap suggests that there is a non-linear interaction
between behavioral response and mobility, implying that small improvements in behavioral response can have large effects when
mobility is intermediate.

Third, targeted interventions are efficient. Interventions that increase risk sensitivity, such as enhanced communication and
support for compliance, or those that reduce mobility of the high-contact group, reduce both the peak and final size of the outbreak,
with the combined approach being more effective. In this approach, mobility reduction for each group is understood broadly and
does not necessarily mean universal travel bans.

A. Limitations and possible improvements

There are some limitations in the present study that suggest possible improvements in the future. The model we propose is
deterministic, i.e., it cannot account for stochastic fadeouts, random introductions of new cases, or the timing of the peak .
Secondly, the model uses a prevalence-driven exponential response to reduce contacts. It may be worth exploring other forms
of response, such as saturating, delayed, and incidence-driven response [10]. Mixing is homogeneous within cities, with no age
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structure, occupation network, or explicit assortativity. Extensions could include cross-group contact matrices, asymmetric city sizes
with directional mobility, endogenous policy triggers, and calibration to surveillance or mobility datasets.

In addition, communication dynamics are not modeled explicitly. Coupled awareness—disease processes on multilayer social/contact
structures can shift effective epidemic thresholds and alter intervention leverage points [11]. Embedding those mechanisms would
provide a richer representation of information-driven adaptation.

B. Publication and reproducibility statements

Data availability. This study is simulation based and does not use individual-level human-subject data. All model parameters,
equations, and outcome metrics are documented in the manuscript and appendix.

Code availability. The full workflow required to reproduce figures and parameter sweeps consists of deterministic ODE integration
and post-processing steps described in Section IV; scripts can be archived alongside this manuscript upon submission.

Ethics statement. No human participants, identifiable data, or animal experiments were involved.

Conflict of interest. The authors declare no competing interests.

VII. CONCLUSION AND FUTURE WORK

We proposed a two-city, two-group SIR framework that integrates heterogeneous risk-perception feedback and group-specific
mobility in a single analyzable system. Using a next-generation matrix approach, we computed invasion thresholds and explored
regime changes across mobility intensities. Results indicate that mobility primarily governs spillover speed and synchronization,
while behavioral sensitivity—especially in the high-contact group—governs peak suppression and final size. Targeted interventions
that increase risk sensitivity and/or reduce mobility in the high-contact group are consistently the most effective, and combined
strategies provide the largest reductions. Overall, the framework provides a tractable bridge between threshold analysis and rapid
scenario exploration in metapopulation epidemics.
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Varieties of right-commutative algebras
defined by identities (aa)a = |a, bla =0

Abilakim Aidana ' and Zhakhayev Bekzat**

1:2School of Information Technology and Applied Mathematics, SDU University, Almaty,
Kazakhstan

DOI: 10.47344/2bq8hs91
Abstract

An algebra R is called a right-commutative algebra if it satisfies the right-commutative identity
(z122)23 — (T123)T2 = 0,

for all elements x1,x2,x3 € R.

This algebra is well known by other name, such as NAP algebra or a non-associative permutative algebra.
Varieties of right-commutative algebras contain important subvarieties such as Novikov and bicommutative
algebras.

In this work, we consider two subvarieties 9t and Dt of the variety of right-commutative algebras. The
subvariety 90 is defined by the identities (z1x1)z1 = 0, [x1,22]z1 = 0 and z1(x221) — z2(x121) = 0.
The subvariety 0N is defined by the identities (x121)x1 = 0, [z1, z2]z1 = 0 and z1 (z122) — 221 (z221) +
272(231 1‘1) =0.

We study the free algebras in the varieties 90T and 91 of right-commutative algebras. We investigate the
Sp-module structures of the free algebras F, (9) and F, (N) in the varieties 9 and 91, respectively. As a
consequence, we prove that the subvarieties 9t and 91 of the variety of right-commutative algebras satisfy
the distributivity conditions. Moreover, we describe all subvarieties of the varieties 2% and 91.

Keywords: variety of algebras, lattice of subvarieties, free algebra, right-commutative algebra, Sy,-module structure

I. INTRODUCTION
An algebra R is called a right-commutative algebra if for all elements x1,x2,23 € R
(z122)T3 — (T123)T2 = 0. 1
This algebra is well known by other name, such as NAP algebra or non-associative permutative algebra, see [|1], [2]]. If we consider

the variety of NAP algebras, the varieties of left-Novikov algebras and bicommutative algebras (or LR-algebras) are subclasses of
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the class of NAP algebras. These classes of algebras have been widely studied. For example, in [3]], a free basis was constructed
and the codimensions of Novikov algebras were found. Moreover, it was shown that the Novikov operad is not Koszul. In , the
Sp-module structures of free Novikov algebras were investigated.

LR-algebras first appeared in the work of Dzhumadil’daev and Tulenbaev [3]. In [6]], a free basis was constructed, the codimensions
were calculated, and the S;,-module structures of free LR-algebras were fully studied. In 2018, Drensky and Zhakhayev gave
an affirmative answer to the Specht problem for bicommutative algebras.

In 1976, Bokut [8] formulated the following question: to describe, in terms of identities, the varieties of algebras whose lattice
of subvarieties is distributive. In 1976, Ananin and Kemer [2] proved that the lattice of subvarieties of the variety A of associative
algebras over a field K of characteristic zero is distributive if and only if the T-ideal of identities of .4 contains an identity of the
form

alz, yly + Byl=, y] =0,

where a, 3 € K and (v, 8) # (0, 0).

In [10] and [11], Martirosyan found a criterion for the distributivity of the lattice of subvarieties of varieties of alternative and

right-alternative algebras.
Recently, Dotsenko and the second author [12] proved that the lattice of subvaricties of a variety N of Novikov algebras is
distributive if and only if all algebras of the variety A satisfy the identities

aa’a + ﬁaag =10,
~((a,a,b) — (b,a,a)) + 8(a{ab) — ba?) = 0

for some ({e : 3), (v : 8)) € P1 x PL,

Let 90t be a subvariety of the variety of right-commutative algebras defined by the identities

(aa)a =0, 2
fa,bla = 0, 3
a(ba) — b(aa) = 0. 4)

Let 91 be a subvariety of the variety of right-commutative algebras defined by the identities @), @ and
a(ab) — 2a(ba) + b(aa) = 0. )

In this work, we consider the free algebras Fy, (9) and F,(91) of rank n in the variety 9 and I, respectively. We study
the Sn-module structures of the free algebras Fy, (9) and Fy, (M), and show that the varieties 9t and N satisfy the distributive
conditions. Moreover, we describe all subvarieties of the varieties 9t and 1.

II. METHODS

In 1950, Malcev [13] and Specht [14] were the first to independently apply the representation theory of the symmetric group
to the study of polynomial identity algebras (Pl-algebras). In the 1970s, Regev [15] further developed the Malcev—Specht method.
In the 1980s, Drensky [16] and Berele [17] began applying the representation theory of the general linear group to the study of
Pl-algebras.

In 1986, Viadimirova and Drensky (18], using methods from the representation theory of the symmetric and general linear
groups, completely deseribed all subvarieties of the variety of associative algebras satisfying an identity of degree three over a field

of characteristic zero. In the present paper, we apply the methods developed in [18].
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Let X, = {z1,...,2n} be a set of generators, and let K{X,} be the absolutely free algebra on X,,. Let Azw—mj be the
derivation of K{X,} defined by

Azp—)zj (wz) =Ty,
Aa:i»—m:j (zr) =0, k#1.

III. RESULTS AND DISCUSSION

Throughout this paper, the field K is of characteristic zero. Let Py (91) be a multilinear part of the free algebra Fj, (9). Let
V(X) be an irreducible Sy,-module for partition A - n.

Proposition IILL. As 5, -modules
P =2 V(1), Po(9M) 2 V(2)a V(1)
P =V aVviz, e Vil 1),

P =Vin)aVin-1,1), n=4,

The submeadules V(n) and V(n— 1, 1) are generated by the linearizations of a(- - - (aa) - - ) and a(- - - (a[a, b)) - - - ). respectively.

111 =2
The submodule V'(1,1,1) is generated by a(be) = a(ch) 4 clab) = blac) + blea) — e(ba).
Proof. From @) and (@) follows
(ab)e = 0.
From the last identity directly follow
((ab)e)d =0, ®
(ab)(cd) =0, @)
d((ab)c) = 0. (8)
Applying (7) and () to the expression
Agsaaa(ba) — blaa) =0
we get
a(b(aa)) — b(a(aa)) = 0.
Multiplying (@) by a on the left, we get
a(a(ba)) — a(b(aa)) = 0.
Multiplying (@) by b on the left, we obtain
b(a(ba)) — b(b(aa)) = 0. (&)
After swapping a and b in (EI), we get
a(b(adb)) — a(a(bb)) = 0. (10)
Applying (7) and (§) to the expression
Agsapa(ba) —blaa) =0
we get
a(b(ab)) — b(a(ad)) = 0. an
After swapping a and b in , we get
b(a(ba)) — a(b(ba)) = 0. (12)
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Multiplying (@) by ¢ on the left, we obtain
c(a(ba)) — ¢(b(aa)) = 0. (13)

Interchanging elements b and c in (I3), we get
b(a(ca)) — b(c(aa)) = 0. (14)

Using (7) and () in the expression
Aar—n:da(ba) - b(aa) =0

we get
a(b(cd)) — bla(cd)) = 0. (15)

From (13), (T4) and (T3) follow
a(b(ca)) = a(c(ba)) = b(a(ca)) = b(c(aa)) = c(a(ba)) = c(b(aa)). (16)

Applying (T6) to the expression
Agscala(ba)) — a(b(aa)) =0

we obtain
a(a(be)) — a(b(ac)) = 0. 17

Using (T3) in the expression
Aucsaa(a(be)) — a(b(ac)) = 0

we get
2a(d(bc)) — d(b(ac)) — a(b(dc)) = 0. (18)

Interchanging elements a and b in (I8), we get
2b(d(ac)) — d(a(bc)) — b(a(de)) = 0. (19)

Using (T3) in the difference of (T8) and (T9), we obtain

a(d(bc)) — b(d(ac)) = 0. (20)

As a result, from (I3) and 20) follow
c(b(ad)) = c(a(bd)) = b(c(ad)) = b(a(cd)) = alc(bd)) = a(b(cd)). 21
a

Let Pp(91) be a multilinear component of the free algebra Fy, (91).

Proposition 11L2, As S, -modules
PN =V(1), PR(M)=V(2)a V(1)

POY V@) @ V(2 1) e V(L 11).
Pr(M) = V(0), n> 4.

The submiodules V (1), V(2) and V(1,1) are generated by the linearizations of a, aa and ab — ba, respectively,
The submodules V(3), V(2,1) and V(1,1,1) are generated by the linearizations of a(aa), a(ab) — a(ba) and a(be) — alcb) +
clab) — blae) + blea) — e(ba), respectively. .

Proof. From @) and (@) follows
(ab)e = 0.
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From the last identity directly follow

((ab)e)d = a((be)d) = (ab)(cd) = 0. (22)
Applying to the expression AbHaa, we get
a(a(aa)) = 0. (23)
Applying to the expression Ay, 4p , we obtain
a(a(ab)) = 0. (24)
Applying to the expression Ab»—)ba’ we obtain
a(a(ba)) = 0. (25)
Applying to the expression AQHW, we obtain
2a(b(aa)) — b(a(aa)) = 0. (26)
Applying and (25) to the expression A, yp , we obtain
a(b(aa)) + b(a(aa)) = 0. 27)
Summing of (26) and @7), we get
a(b(aa)) = 0. (28)
Applying (28) to 27), we obtain
b(a(aa)) = 0. 29)
Applying to the expression Ap, s pp , we get
a(a(bb)) = 0. (30)
Applying to the expression Ay, 45 , we get
2a(b(ab)) — b(a(ab)) = 0. 3D
Using in the expression AaHb, we get
a(b(ab)) + b(a(ad)) = 0. (32)
Summing of (31) and (32), we obtain
a(b(ab)) = 0. (33)
Applying (33) to (32), we get
b(a(ab)) = 0. (34)

After swapping a and b in (30), (33) and (34), we get, respectively

b(b(aa)) =0, (35)
b(a(ba)) =0, 36)
a(b(ba)) = 0. 37

Applying to the expression AbeC, we get
a(a(be)) = 0. (38)

Applying to the expression AaHac, we get
2a(b(ac)) — b(a(ac)) = 0. 39
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Applying to the expression A, ,pa(a(ac)) = 0, we obtain

b(a(ac)) + a(b(ac)) = 0. (40)
Summing of and ({@0), we get
a(b(ac)) = 0. (41)
Applying @) to @0), we get
b(a(ac)) = 0. (42)
Using in the expression Agiscq (5), we get
2a(b(ca)) — b(a(ca)) = 0. (43)

Applying to the expression A, ,pa(a(ca)) = 0, we obtain

b(a(ca)) + a(b(ca)) = 0. (44)
Summing of @3) and @), we get
a(b(ca)) = 0. 45)
Applying @3) to @4), we obtain
b(a(ca)) = 0. (46)

Applying ({@6) and to the expression Agcb(a(aa)) = 0, we get
b(c(aa)) = 0. “47

Applying to Aa,_,cd, we get
2a(b(cd)) — b(a(ed)) = 0. (48)

Using the derivation A, in the expression a(a(cd)) = 0, we obtain
a(b(ed)) + b(a(ed)) = 0. (49)

Summing of (#8) and @J), we obtain
a(b(ed)) = 0.

Theorem IIL1. Ler f € Fy (). Then the consequences of higher degree of f are equivalenr io the following identities
a) afbe) — aleb) + c(ab) — blac) + b(ca) — e(ba), if [ = aa;
b) a(be) — a(eh) + c(ab) — blac) + blca) — c(ba), if f = ab— ba;
c) a(---(a(aa))---) and a(---(ala,b])---), if f=al- - (alaa))---), n =1
—_— —_—— —_—

n+1 n—1 n
d) a(-- (a(aa))---) and a(---(afa,b]y---), if f=a(---(ala,b)---), n>2
e N S

41 n—1 n—2

Proof. a) Applying aa = 0 to @), we get
(ba)a = 0.

Using the derivation Aq. in the identity (ba)a = 0, we obtain

(be)a + (ba)c = 0.
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Applying (1) to the identity (bc)a + (ba)c = 0, we get
(bc)a = 0.
Since a(bc) = —(bc)a. Hence,
a(bc) — a(eb) + c(ab) — b(ac) + b(ca) — ¢(ba) = 0.
b) It is clear.
&) al- -+ (aa) ) = a(a(- - (aa) ) = 0,
N—— N——

n+1 3 n
Let n = 1. It is clear.

Let 7 = 2. Then from aa = 0 follows b(aa) = 0. From identities b(aa) = 0 and {@) follows a(ba) = 0. Applying identities
b(aa) = 0 and a(ba) = O to the expression
Agspalaa) =0

we obtain
a(ab) = 0.

Hence, afa,b] = a(ab) — a(ba) = 0.

R —

n

Let nn > 2. Applying identities II and b(a(---(aa)---)} = 0 to the expression

Agpal(--(aa) 1) =0
N, e’
n+1

we obtain
af---(ab)---)y=0

Hence, a(- - - (afa,b])---) = 0.
et
n=1

d) al---(a[a,b])---) = a(a(--- (a[a,B]) - - -)) = 0.
—— ——

-1 —2
Appl;?ing identities (2) and Qﬁb to the expression
Apsaaal---(ala,b])---) =0
——

n—2
we get
a(---(aa) ) =0
—
n+1
O
Theorem 1IL2. Let f € F,, (M). Then the consequences of higher degree of [ are equivalent to the following idenrities
a) aa, ab—ba, if f=a;
b) e(aa), ala,b], a(bc) — a(ch) + c(ab) — blac) + blea) — e(ba), i [ = an;
c) ale,b], a(bc) — alch) + c(ab) — blac) + b(ca) — c(ba), if f=ab— ba.
Proof. a) It is clear.
b) From @) and (3) follows (ab)c = 0. Applying the last identity to the expression A,y p.aa = 0, we obtain a(bc) = 0.
¢) It is clear. O
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IV. CONCLUSION AND FUTURE WORK

In this work, we studied the free algebras in the varieties 9 and 91. We investigated the .S, -module structures of the free algebras
Fn(9) and Fi, (MN). As a consequence, we proved that the varieties 2t and 91 satisfy the distributivity conditions. Moreover, we
described all subvarieties of the varieties 9 and 1.

It would be of interest to investigate whether there exist further subclasses of the class of right-commutative algebras satisfying
the distributivity conditions. Moreover, it would be interesting to study operads encoding the above mentioned subvarieties of the
variety of right-commutative algebras.
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Abstract

In this paper, we study the one-generated case of the space of Tortken elements in a free Novikov
algebra. Using the differential-monomial realization, we prove that the dimensions of the homogeneous
components are given by dim 7} = dim7> = 1 and dim 7}, = p(n — 2) for all n > 3, where p(n — 2)
denotes the partition number. We also describe the first homogeneous components in the circle language
and analyze the relations among their elements in low degrees. In particular, we show that the elements
are linearly independent up to degree 5, while the first nontrivial relation appears in degree 6. We derive
explicit identities in degrees 6 and 7 and prove a recursive inclusion for homogeneous components in the
one-generated case for n < 7. These results give a more precise description of the low-degree structure of
the space of Tortken elements and suggest a regular pattern that may persist in higher degrees. We also
formulate a conjecture extending the recursive inclusion to all degrees.

Keywords: Novikov algebra, Tortken algebra, symmetric elements, free algebra

I. INTRODUCTION
An algebra (A, -) is called a (right) Novikov algebra if, for all a,b,c € A, the following identities hold:

a-(b-¢c)=b-(a-c), 1
(a-¢)-b—a-(c-b). )

The first identity (T is called the left-commutativity identity, and the second identity (Z) is called the right-symmetric identity,
and any algebra satisfying this identity is called the right-symmetric algebra. Thus, throughout the paper we use the convention that
a (right) Novikov algebra is an algebra satisfying identities (I) and ().

Example I.1. Let us consider the polynomial algebra A = K[z] with multiplication
a-b= D(a)b

A direct verification shows that (A, -) is a Novikov algebra.
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Now, let us define a new product on the Novikov algebra, which is called a symmetric product (anti-commutator). Let A be a
(right) Novikov algebra with multiplication a - b. Then the anti-commutator is defined by:

aob:=a-b+b-a

Notice that aob =boa.
Dzhumadil’daev [[1], [3] proved that the symmetrized product satisfies the following identities:

(aob)o(cod)—(aod)o(cob) = (a,b,c)T od— (a,d,c)t ob, 3)

(((aoca)oa)ob)ob+ (((aob)ob)oa)oa
+2(((aca)ob)ob)oa+2(((aob)oa)oa)ob “)
—3(((aca)ob)oa)ob—3(((aob)oa)ob)oa=0

where
(a,b,c)t =ao(boc)—(aob)oc.

The first identity is called the Tortken identity, and the second identity is the Besken identity. Algebras that satisfy (3) are called
Tortken algebras.

Let us define the free Novikov algebra generated by a set X and call it Nov(X). Then the space of symmetric elements S(X)
is the smallest subspace of Nov(X) that contains X and is closed under the o - product. Elements of S(X) are called symmetric
elements or Tortken elements, otherwise.

Now, let us define M as a set of all differential monomials with one derivation. A basis of the free Novikov algebras was
constructed by Dzhumadil’daev and Lofwall [2]:

Theorem L.2. The set
N ={ue M]|deg(u) —d(u) =1}

is a basis of the free Novikov algebra Nov(X).

And recently, Dzhumadil’daev and Ismailov [4] constructed a basis of the space of Tortken elements in the free Novikov algebra
in terms of differential polynomials:

Theorem 1.3. The set
M:=XU{v |ue M, deg(u) —d(u) =2}

is a basis of the space of Tortken elements S(X).

In this paper, we investigate the space of Tortken elements in a free Novikov algebra in the one-generated case. While a basis in
terms of differential monomials is already known [4]], the corresponding description in terms of o-product remains unclear. Our aim
is to describe this basis in low degrees and to compare it with the known differential-monomial model. We show that the dimensions
of the homogeneous components are governed by the partition numbers p(n — 2), and we construct explicit basis elements in the
o-language for small degrees. The necessary identities are verified up to degree seven by means of computations carried out in
Wolfram Mathematica. This work may be regarded as a step toward the study of free special Tortken algebras in the o-product
language.

II. METHODS

Proposition I1.1. Let Ty, be the homogeneous component of degree n of the space of Tortken elements in the free Novikov algebra
generated by one element x. Then

dimT) =dimT, =1, dim Ty, = p(n —2) foralln > 3,

where p(m) denotes the number of partitions of m.
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Proof. By Theorem |L.3| a basis of S{xz) is given by
M:=XU{v |ueM, deg(u) —d(u) =2},

where M is the set of differential monomials. In the one-generated case, every differential monomial can be written uniquely in

the form
w = 201 p2) . p3in)

Moreover,
deg(u) =mn, d(u) =141+ +in.
Hence the condition deg(u) — d(u) = 2 becomes
i din =1 — 2.

Since all factors involve the same generator x and the product is commutative, we may assume without loss of generality that the
derivation orders are arranged in nonincreasing order:

Then the number such nonincreasing sequences is equal to the number of partitions of n — 2. Therefore,
dim T, = p(n — 2), n> 2.
Finally, for n = 1, the homogeneous component 77 is spanned by z. For n = 2, the component 7% is spanned by x o z. Hence,
dimT) =dimTs = 1.
This proves the claim. O
Proposition IL.2. Let Ty, be the homogeneous component of degree n in the one-generated case. Then,
Tn CTp_10T1 +Tp_20Ts, n<T.
Proof. In the one-generator case, bases in the o-language for the first degrees may be chosen as follows:
T =(z), To=(xozx), Ts3={(zozx)oux),

The first three degrees are immediate, since each homogeneous component is one-dimensional.

A. Degree n =4
Degree 4 is the first case in which the homogeneous component has more than one basis element, so we write it out in detail.
Let
w; = ((xoxz)ox)oux, wg = (zox)o (zox).
The differential basis of Ty is given by

1" !/ " "1 ) ! ", oo
b1 = (2" zzx) = 2" zxx 4 32" 2" zx, by = (z'z'zx) = 22" 2’ zx 4 22" 2" 2" x.

Using the identity a o b = (ab)’, we obtain

wy = ((xoz)ox)ox =2z zax + 142" 2’ xx + 82’2’2’z

s 1o

wg = (zox)o (zox)=8x"z'zx + 8z z'z'x

22" zxx + 14a" 2’ zx + 82’2’2’z = c1b1 + oy = a1 = 2, az=4

Sx''x'xax + 8x'x'x'x = abi +avbs = a1 =0, o =4

That is,
w1 = 2by + 4ba, wo = 4by.

w1 and wa are linearly independent.
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B. Degree n =5

Since
dimTs = p(3) =3

in degree n = 5, we have three basis elements which are
w; = (((zozxz)oxz)oxz)oz, we2=((xrox)o(zozx))ox, w3z= ((xoxz)oxz)o(rox).
The differential basis of T5 is given by
b1 = (2" zz2T), by = (z"2'zxT), bg = (2'z'2'xx)’.

Therefore, we compute
wy = 2b1 + 14ba + 8b3, wo = 8bs + 8b3, w3z = 4bos + 8b3

Here, w1, w2 and w3 are linearly independent.

C. Degree n =6

The first degree where linear dependence among natural o-words appears is degree 6. Consider the six natural commutative
nonassociative words

wi = ((((xox)ox)ox)ox)ouw,
wy = (((xox)o(xox))oz)ouwx,
w3 = (((xox)ozx)o(zox))ox,
wqg = (((zox)ozx)ox)o(xzox),

)
ws = ((zox)o(xox))o(zox),
we = (20 (z02)) 0 (z 0 (z0)).

Since
dimTs = p(4) =5,

these six elements cannot be linearly independent.

To construct the identity in degree 6, we use Wolfram Mathematica. As a first step, we implement the derivation operator and
the symmetrized product in the commutative differential algebra by encoding their basic properties; see Appendix @

Then we enumerate all six elements of degree 6 in the o-language and list all seven basis elements of the homogeneous component
of degree 6 of the free Novikov algebra on one generator and assign to each element w; a scalar coefficient \; and consider the
linear combination

The program then determines the relations among the coefficients A; and computes their admissible values; see Appendix
The resulting relations among the coefficients in the case n = 6 are

A1 =0,

A
)\3—)\227
)\4=)\227
)\522)\7
,\6:7?2.
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Taking A2 = 2, we obtain the following identity:
2(wow)o (zom))o(wow) - (wow)on)o((zoa)on)
—(((xozx)ox)ozx)o(rox)+ (((rox)o(zox))ox)ox ®
—(((zozx)oz)o(zox)ox=0

or equivalently,
2ws — we — wyq + wz — w3z = 0.

This identity is a consequence of the Tortken identity with
a:d::r:ox, b=c=u=x.
Substituting these values into the Tortken identity gives

+

((xoz)ox)o(zxo(zoxz)) —((zox)o(zxox))o(zxox)=(zrox,z,z)  o(xox)— (zox,zoz,z)T o

Indeed, this substitution gives
—2ws + we + wg — w2 + w3 = 0,

or equivalently,
2ws — wg — wyq + wy — w3z = 0.

Therefore, we can eliminate the element weg:
we = w2 — w3 — w4 + 2ws.

Notice that
wg € T3 0Ty

and
wy € ((((T2 OT1) OT1) OT1) OT1)

where ((T2 0 T1) o T1) o Ty € Ts. That is,

wy € Ty o Th.
The same holds for we and ws,
wo € T 0171, w3 € T5 0 T7.
And for w4 and ws we define
wy € Ty oTo, ws € Ty oTh.

From the identity wg = w2 — w3 — w4 + 2ws , it follows that
T30T3 CTs50T1 4+ TyoTo.

That is,

Te CTs0Ty + Ty o0To.
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D. Degree n =17

For degree n = 7, we have 11 elements:

w; = ((((xox)ox)ox)ox)ox)ox, wa2=((((xox)o(rox))ox)ox)ouw,
w3z = ((((zozx)oz)o(zox))ox)ox, wa=((((xox)oz)oz)o(zroxz))oux,

5= (((xoz)o(xzoz))o(xox))ox, ws=(((zox)ox)o((xox)ox))ox,
w7 = (((xox)ox)ox)ox)o(rox), wsg=(((zrox)o(rox))ox)o (xox),
wg = (((rox)ox)o(xox))o(rox), wig=(((zox)ox)ox)o((zox)ox),
wi1 = ((xox)o(zox))o((xox)ouwz).

Since p(7 — 2) = p(5) = 7, these 11 elements cannot be linearly independent. Thus, four linear relations occur among these

eleven candidate elements.: We eliminate wg since in the n = 6 case we concluded that

T30T3 CTs0T) +TyoThs.
For our calculations, we will use Wolfram Mathematica (see Appendix @) By this, we obtained
A1 =0,
A2 = A1o + 2M11,
A4 = —TA10 — 12X11 — 3)3,
As = 6A10 + 10A11 + 2)3,
A7 = 5A10 + 8A11 + 23,
Ag = —6A10 — 911 — 3]s,
Ag = A3.
Taking
(A3, A10,A11) = (0,1,0), (0,0,1), (1,0,0),

we obtain the following three identities:

w10 + w2 — Twa + 6ws + dbwy — 6ws = 0,
w11 + 2wz — 12wy, + 10ws + 8wy — 9wg = 0,

w3 — 3wy + 2wy + 2wy — 3wg + wg = 0.

(6a)

(6b)

(6¢)

The third relation (6c) coincides with the jetken polynomial, which is obtained from the Besken identity by taking a = x and
b = x oz [1I]. Identity (6a) allows us to eliminate wig, while identity (6b) allows us to eliminate wi1. The third identity

eliminates one more element from the remaining set. Thus, we obtain 7 linearly independent elements.
Since
w10, wi1 € Ty 0 T3, w2, wa, ws € Tg 0 11, wr,ws € T5 0 T3,

and
wig = —w2 + Twg — 6ws — dwy + 6ws, w11 = —2w2 + 12wy — 10ws — 8wy + Yws,

it follows that
TyoTs CTgoTy + T50T5.

That is,

Tr; CTgoTy + T5 0To.
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These computations motivate the following conjecture below. Our computations show that, up to degree 7, the stronger recursive
inclusion holds.

Conjecture II.3. Let T}, be the homogeneous component of degree n in the one-generated case. Then,
Th CTh 10Ty +Th 2013, n > 3.

These observations may be helpful in the study of the problem at higher degrees.

III. RESULTS AND DISCUSSION

In this work, we studied the homogeneous components 77, in the one-generated case. Our first main result gives the exact
dimensions of these components:

dimT7} =dim7Th =1, dim T, =p(n—2) foralln > 3.

Thus, the dimensions of the homogeneous components are described in combinatorial terms by the partition numbers.

We next describe the first homogeneous components in the o-language and analyze the relations among their candidate basis
elements. In degrees 1 through 5, the elements under consideration are linearly independent. The first nontrivial relation appears in
degree 6. More precisely, by passing from the o-language to the differential-monomial realization of the free Novikov algebra, we
obtain identity (B, which is a consequence of the Tortken identity. This shows that in degree 6 the list of candidate elements is no
longer independent, and one of them can be expressed through the others.

The same persists in degree 7, where further relations arise among the candidate elements. Together with the identity obtained
in degree 6, these relations refine the structure of the homogeneous component 7. Thus, beginning with degree 6, the description
of Ty, requires not only the enumeration of all possible o-elements, but also a careful analysis of the identities they satisfy.

Another main result is the recursive inclusion

Th CTh10T1 +Th_201T3, n <7

This inclusion gives a relation between consecutive homogeneous components and shows that, in low degrees, elements of 7}, can
be obtained from elements of smaller degree by means of the symmetrized product.

A. Discussion

The obtained results show that even the one-generated case is already nontrivial. Although the dimensions of the homogeneous
components admit a simple description, the identities appearing in degrees 6 and 7 show that the space of symmetric elements
cannot be understood by listing o-elements alone. One must also take into account the relations between them.

These observations indicate that the one-generated case already reflects essential features of Tortken elements. In particular, the
low-degree computations reveal a regular pattern in the structure of the homogeneous components, which may remain visible in
higher degrees.

The results obtained here may therefore be useful for the further study of Tortken elements in higher degrees and for the
investigation of the case of several generators.

IV. CONCLUSION AND FUTURE WORK

In this paper, we studied the one-generated case of the space of Tortken elements in a free Novikov algebra. We proved the
dimension formula
dimT7} =dim7s =1, dim T, =p(n—2) foralln >3,

described the first homogeneous components in the o-language, obtained explicit identities in degrees 6 and 7, and established the
recursive inclusion
Tn CTh10Ty + Ty 2013, n<7.

These results provide a precise description of the low-degree structure of the one-generated case. In particular, they indicate that

the one-generated case already captures essential features of the structure of special Tortken algebras.
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A natural problem for future work is to determine whether the recursive inclusion extends to all degrees. This leads to the
conjecture
Tnng—loTl +Tn—2OT27 n23

If true, this conjecture would provide a systematic way to describe the higher-degree components in the one-generated case. It
may also serve as a useful starting point for studying the operadic and structural properties of special Tortken algebras and their
connections with related Novikov-type algebras, such as §-Novikov algebras, Gelfand—Dorfman algebras, and Novikov—Poisson
algebras.

V. ACKNOWLEDGMENT

APPENDIX

A. Implementation of the derivation and the symmetrized product

The derivation was implemented by the following rules. The symmetrized product a o b = (ab)’ was implemented as t [a, b].

Dr[C_Integer a_] := C Drla]
Drla_ + b_] := Drl[a] + Dr[b]
Dr[C_Integer a_ + K_Integer b_] := C Dr[a] + K Dr[b]

Dr[C_Integer a_ + K_Integer b_ + D_Integer d_] :=
C Dr[a] + K Dr[b] + D Dr[d]

Drla_ b_] := Dr[a]l] b + a Dr[b]

Dr[a_"n_Integer] := Drf[a"(n - 1)] a + a"(n - 1) Drla]

tla_, b_] := ExpandAll[Drla b]]

B. Degree 6 computation

Here we present the computation in degree 6. The following six candidate elements of degree six in the o-language were used.

Genldegb = {

gld6[1] = t[t[t(t[t[x, x], x], x], x], x],
gld6[2] = t[tltlx, x], tIx, x]], tlx, x11,
gldé6[3] = t[t[t[x, x], x], tlt[x, x], x]],
glde[4] = t[t[t[t[x, x], x], x], tlx, x]],
gld6[5] = t[t[t[t[x, x], tIlx, x]1], x], xI,
gldé[6] = t[t[tlt[x, x], x], tlx, x]], x]

b
The program then determines the relations among the coefficients A; and computes their admissible values.

Combinldeg6 =
Coefficient[
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Collect [
ExpandAll [Sum[Subscript[lambda, i] gldé[i], {i, 1,
{
x Dr[(x]”~
x"2 Dr[x ] 3 Dr([Dr[x]],
x"3 Dr[x] Dr[Dr[x]]"2,
x"3 Dr([x]"2 Dr[Dr[Dr[x]]],
x4 r[Dr[x]]*Dr[ r(Dr[x]]],
x"4 Dr[x]+Dr[Dr[Dr[Dr(x]]]1],
x5 Dr[Dr[Dr[Dr[Dr(x]]]]]
}
1,
{
X Dr[x] 5,
x"2 Dr[x]"3 Dr[Dr[x]],
x"3 Dr[x] Dr([Dr[x]]”
x"3 Dr[x]"2 Dr[Dr[Dr[x]]],
x"4 Dr[Dr[x]]«Dr[Dr([Dr[x]]],
x4 Dr[x]+«Dr[Dr[Dr[Dr(x]111,
x"5 Dr[Dr[Dr([Dr[Dr(x]]]1]1]
}
1i
S(x_] := x == 0;
TableForm|[
First|[
Solve [
Map[S, Combinldegé6],
Array[Subscript[lambda, #] &, 6]
]
1
1
C. Degree 7 computation
Here we present the computation in degree 7.
Genldeg7 = {
gld7([1] = tltltlt[x, x], %], x], tltlx, x], xI]1,
gld7[2] = t[t[t[x, x], tix, xI1, tltlx, x], xI11,
gld7[3] = t[tlt[t[tltIx, x], x], x], x], x], x],
gld7[(4] = tltltlt[x, x], t[x, x]], xI, x], x],
gld7[5] = tltltlt[x, x], x], t[x, x]1], x], x],
gld7[e] = tltltlt[x, x], x], x], t[x, x]], x],
gld7([7] = tltlt[x X], tix, x11, tix, x11, xI,
gld7[8] = t[t[t[t[x, x1, x], x], x], tlx, x11,
gld7(9] = tltltlx, x], tlx, x]1, %], tlx, x]1,
gld7([10] = t[t[t[x, =], x], tlx, x]], tlx, x]]
bi
Compinldeg7 =
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Coefficient [
Collect [
ExpandAll [Sum[Subscript [\ [Lambdal, il gld7(i]l, {i, 1, 10}11,
{

x Dr([x]"6,
x"2 Dr[x]"4 Dr[Dr[x]],
x"3 Dr([x]"2 Dr[Dr[x]]"2,
x"4 Dr[Dr[x]]"3,
x"3 Dr[x]"3 Dr(Dr(Dr(x]1],
x"4 Dr[x] Dr[Dr[x]] Dr[Dr[Dr(x]]],
x5 Dr([Dr([Dr[x]]]"2,
x4 Dr([x]"2 Dr[Dr[Dr[Dr[x]]111,
x"5 Dr[Dr[x]] Dr([Dr[Dr([Dr[x]111],
x"5 Dr[x] Dr([Dr([Dr([Dr([Dr(x]1111]1,
X6 Dr[Dr[Dr[Dr[Dr[Dr[x]]1111]
}
1,
{
x Dr([x]"6,
x"2 Dr[x]"4 Dr[Dr(x]],
x"3 Dr[x]"2 Dr[Dr[x]]1"2,
x4 Dr[Dr[x]]"3,
x"3 Dr[x]"3 Dr[Dr[Dr[x]]],
x4 Dr[x] Dr[Dr[x]] Dr[Dr[Dr([x]11,
x"5 Dr[Dr[Dr(x]]1]1"°2,
x"4 Dr[x]"2 Dr([Dr([Dr(Dr(x]11]1,
x5 Dr[Dr[x]] Dr[Dr[Dr[Dr[x]]111],
x5 Dr[x] Dr[Dr([Dr[Dr([Dr[x]]111],
x"6 Dr[Dr[Dr[Dr[Dr[Dr[x]11111]
}
1;
Six_] = x == 0;
TableForm|[
First][
Solve [

Map[S, Combinldeg7],
Array[Subscript [\ [Lambdal, #] &, 10]
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