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Abstract

We formulate and analyze a deterministic two-city, two-group susceptible—infected—recovered (SIR)
model with heterogeneous behavioral adaptation and group-specific mobility. The model combines two
mechanisms: (i) group-dependent contact reduction in response to local infection burden and (ii) symmetric
inter-city diffusion with group-dependent mobility rates. Using a next-generation matrix construction, we
derive the invasion threshold and compute R under mobility coupling. Numerical experiments iden-
tify three robust dynamical regimes: weak coupling with delayed spillover, intermediate coupling with
partial synchronization, and strong coupling with near-synchronous outbreaks. Parameter sweeps over
high-contact-group mobility and risk sensitivity show nonlinear mobility—behavior interactions affecting
peak burden and final size. Across scenarios, interventions targeted at the high-contact group (increased
risk sensitivity and/or reduced mobility) yield the largest burden reductions, and combined interventions
dominate single-mechanism policies.

Keywords: SIR model, metapopulation, mobility, behavioral feedback, risk perception, heterogeneous mixing, next-generation
matrix, epidemic synchronization

I. INTRODUCTION

The spread of infectious diseases across connected urban centers is shaped by two broad drivers: (i) movement of individuals
between locations and (ii) behavioral adaptation in response to perceived risk. The classical deterministic compartmental models
usually make assumptions that include constant contact rates as well as homogeneous mixing, which may mask the essential processes
that determine when sync-ups take place, when spillovers take place, as well as when targeted interventions are effective [1]], [14]. In
reality, populations are not homogeneous because some subgroups tend to have greater contact rates as a result of their occupation
or social behavior. Additionally, individuals tend to reduce their contacts as local case numbers increase, as has been seen in various
epidemics, as described by prevalence-dependent contact functions [8[|-[[10].
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Metapopulation models have been used extensively in understanding the pattern of spread of diseases over areas and their entry
into new areas [3], [S], 6], [12]. However, most approaches have been based on the assumption that mobility is uniform across
all population groups. This is a limitation, as in practice, mobility patterns may differ between groups. For example, in the case of
high-contact groups, mobility is more for work-related activities, and in the case of cautious groups, mobility is less. In addition,
behavioral feedback is typically assumed in an aggregate manner. However, there are considerable variations in the perception of
risk and compliance in different groups [4], [15], [16], [18].

In this article, a tractable two-city, two-group SIR model is proposed that combines (a) heterogeneous risk perception feedback
and (b) group-specific mobility. Compared to models that include either only behavioral effects or only mobility effects, the
proposed model combines both effects in a unified analytical framework, which allows for the identification of both threshold
and synchronization effects. The model is also designed to be simple so that next-generation matrix analysis and simulations are
transparent and efficient.

A. Contributions
Our main contributions can be summarized as follows:

e We propose a model for two cities with SIR dynamics and two types of behavior with different basic contact rates, sensitivity
to risk, and mobility.

e We propose a behavior feedback mechanism in which group-specific contact rates decrease exponentially with respect to local
infection pressure.

e We derive the invasion threshold using the next-generation matrix and calculate Ry with mobility coupling.

o We identify qualitative regimes of mobility (weak, intermediate, and fast) and their effects on the timing of spillovers and
their synchronization.

e We comparatively evaluate targeted interventions for the high-contact group using risk communication (to enhance sensitivity)
and/or reducing mobility.

II. MODEL FORMULATION

We focus on two cities, X € {A, B}, and two population groups, g € {1,2}. Each of these cities and population groups is
further divided into susceptible Sy 4 (t), infected Ix4(t), and recovered Ry 4(t) classes. Let

2
Nx(t) = (Sxg(t) + Ixg(t) + Rx4(t)) (1)

g=1

denote the total population in city X. We assume recovery at rate y > 0 and transmission parameter 5 > 0.

A. Model Assumptions
For ease of explanation, the basic assumptions of the model are:

o Closed two-city system: there are no births, deaths, and external migrations over the course of the model.

o Group structure: there are two behavioral groups that only differ by their baseline contact rates (cg), risk response (ag),
and mobility (mg).

o Local risk response: the effective contact rates are determined by the local infection burden.

o Within-city mixing: transmission is city-level mass-action with shared hazard A x () across groups.

o Symmetric mobility: movement between cities is bidirectional and group specific, preserving total population.

o Constant recovery: all infected individuals recover at rate y, with no reinfection (SIR immunity).

o Deterministic dynamics: stochastic fadeout and random importation events are not modeled.

B. Notation and baseline parameters

Table |I| summarizes key model variables and parameters used throughout the analysis. All simulations use the baseline values
listed above unless otherwise stated. These parameters fully define all numerical experiments reported in the paper.
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TABLE 1
MODEL PARAMETERS AND BASELINE VALUES USED IN ALL SIMULATIONS

Symbol Meaning Baseline value / range

Sxg,Ixg, Rxg Susceptible, infected, recovered in city X, group g State variables

Nx Total population in city X Na = N = 1200

B8 Transmission coefficient 5 =0.24

o Recovery rate v = 0.09

cg Baseline contact rate (group g) =0.9¢3=20

Qg Risk sensitivity (group g) a1 = 8.0, ag = 2.2

Mg Inter-city mobility rate (group g) m1 = 0.05, ma € [0.005,0.35]

Ax Force of infection in city X see Eq. (3)

Ro Basic reproduction number p(FV™1)

Initial conditions

Infection seeding T42(0) = 8, all other infected
=0

Recovered Rx4(0)=0

Susceptible Sx4(0) = Nxg — Ixg4(0)

C. Risk-perception feedback on contact rates

Behavior is incorporated through group-specific effective contact rates in each city. Let cg be the baseline contact rate for group
g in the absence of perceived risk, and let ay > 0 be the risk sensitivity parameter. We model contact reduction as a decreasing
function of the local infection prevalence I x (t)/Nx (t), where Ix(t) = Ix1(t) + Ix2(¢):

_ Ix (1)
cg( t) = c(g) exp (7045 Nx (t)) . )

This choice captures rapid behavioral change under increasing local burden and yields a smooth contact function bounded above
by cg. Larger ag implies a stronger behavioral response.

D. Force of infection
Within each city, infections are generated by contacts with infected individuals from both groups. We define the force of infection
in city X as
e (OIx1(t) + e3 () Ix2(t)
Nx(t)
In the present formulation, both groups experience the same hazard Ax (¢) given the shared infectious pool and city-level mixing
intensity.

Ax(t) =8

(3)

E. Group-specific mobility

Mobility is modeled as symmetric exchange between cities with group-dependent rates mgy > 0. Individuals in group g move
from A to B and from B to A at rate mgy, preserving total population across the two-city system. This structure follows standard
multi-city compartmental constructions while allowing explicit group heterogeneity in movement [2].
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F. Dynamical system
For each group g, the SIR dynamics with mobility are

d?i?g = —AaSag +mgSpg —mgSag, @

d{i;g =AaSag —vlag +mglpg —mglag, ©

d}:lfg ="lag +mgRpy —mgRag, ©
and similarly for city B,

dilfg = —ApSpg + mgSag — mgSny, @

d;}:g =ABSBg —VIBg + mglag — mgylpg, ®

dlng =7Ipg + mgRag — mgRpy, ©

with Ax (¢) given by (3) and cgf (t) given by (2).

G. Disease-free equilibrium
At the disease-free equilibrium (DFE), Ix4 = 0 and Rx4 = 0, hence Sx, = Ng( g and cg( = cg. This equilibrium is used to
derive the invasion threshold.

H. Well-posedness and invariant region
For each group g € {1, 2}, define the group total across both cities:
My(t) = Sag(t) + Lag(t) + Rag(t) + Spg(t) + Ig(t) + Rpg(t)-
Summing the corresponding six equations shows
dMy
dt
so Mg(t) = Mg(0) for all ¢ > 0. Hence total population is conserved: M (t) + Ma(t) = M;(0) + M2(0).
Proposition 1 (Positivity and forward invariance). Assume nonnegative initial conditions and parameters 3,~, mg, ag > 0.
Then all state variables remain nonnegative for all ¢ > 0, and trajectories remain in the compact positively invariant set

=0, g€ {172}7

Q=1((S,LR)eRY . Y (Sxg+1Ixg+ Rxg) =My(0), g=1,2
Xe{A,B}

Proof. The right-hand side is locally Lipschitz because the contact feedback (2) and force of infection (3) are smooth for Nx (¢) > 0;
conservation of M, guarantees /Nx remains bounded and positive for epidemiologically meaningful initial conditions. On each
boundary hyperplane (e.g., Sag = 0), the corresponding derivative is nonnegative:
SAg\sAg:o =mgSpy >0, ngIIAg:o =AaSag +mglpy >0, RAg'RAg:O =7l4y + mgRpy >0,
and analogously for city B. Therefore trajectories cannot cross into negative values. Conservation of M, then implies boundedness
in Q.
III. THRESHOLD ANALYSIS AND BASIC REPRODUCTION NUMBER

We compute the basic reproduction number R using a next-generation matrix approach [7]], [17]. Let the infected-state vector
be ordered as
i=(Iar,laz, Ip1,1p2) " (10)

Linearizing the system around the DFE yields
i=(F -V, (11)

where F' captures new infections and V' captures transitions out of infection (recovery and mobility).
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A. New infection matrix (F)
At the DFE, Nx = N% and cff = cg. The force of infection in city A becomes
C?IAl + CgIAQ
Ay = pATALT G2
Na
Thus, new infections entering group g in city A are
NO
A
)‘ASAg = ﬁTf (C(l]IAl +C(2)IA2) .
A

This gives the block

0 0
ONa oNa
Fa=p| [N NG

W=
ONaz  oNap
1 N% 2 N%

Similarly for city B,

0 0
ONB1  0Np
P B 1 N0 2 NdOS

5 =
0 Np2 0 Np2

o]

The full infection matrix is block diagonal:

B. Transition matrix (V')

Transitions out of infected states occur via recovery and mobility. In the ordering (A1, A2, B1, B2), the matrix is

¥+ m1 0 —m1 0
V= 0 ¥+ ma 0 —ma
—mi 0 v+ m1 0
0 —ma 0 v+ ma2

C. Next-generation matrix and basic reproduction number

We now construct the next-generation matrix using F' and V' defined above. It is convenient to define

d.‘] :'Y('Y+2m9)7 ge {172}
Then by 0 my 0
dy dy
0 yt+mo 0 ma
V71 — do do
mi 0 Yt+mg 0
dy dq n
m m
0 T; 0 0 o 2

To display the coupling structure more transparently, define

D :diag(m w) D :diag(m @)
+ dl kl d2 ’ - dl El d2 .

Dy D_
v-1— [P+

_ FaD, FusD_
K=Fv-1l= )
(FBD FgDy

Hence,

and the next-generation matrix becomes

12

13)

14

15)

(16)

an

13

19

(20)

@n

(22
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The basic reproduction number is defined as the spectral radius of K:
R = p(K). (23)

The diagonal blocks represent within-city transmission, while the off-diagonal blocks capture cross-city infections induced by
mobility. Thus, Rq incorporates both heterogeneous group transmission and spatial coupling at invasion.

Theorem 1 (Local threshold characterization at the disease-free equilibrium). Consider the infection subsystem linearized
at the DFE. The DFE is locally asymptotically stable if Ry < 1 and is unstable if Ry > 1.

Proof. The linearization of the infection system at the DFE is in standard next-generation form with ' > 0 and a nonsingular
M-matrix V for v > 0 and mg > 0. By the next-generation theorem, the sign of the dominant eigenvalue of (F' — V) is determined
by whether p(FVﬁl) is below or above unity. Therefore the threshold is exactly Ro = 1 [7], [17].

D. Weak-mobility approximation (city-specific)
In the weak-mobility limit, each city behaves approximately as an uncoupled two-group SIR system at invasion. A convenient
city-specific approximation is

B[ oNX

N
(X) A 0-YX1 0
R ~ = +
0 v <Cl N§ “

0
X2
N > X € {A, B}. 4

This expression highlights how group composition and baseline contact rates shape local invasion thresholds and is consistent with
threshold analyses for structured epidemic systems [19].

IV. NUMERICAL METHODS AND OUTCOME METRICS

All simulations use the baseline parameter values and initial conditions listed in Table [I| unless otherwise stated. The nonlinear
system is solved using an explicit adaptive Runge—Kutta method (RK45). Initial conditions consist of susceptible populations equal
to the DFE totals minus an initial infection seed, with all recovered states initialized at zero. A typical seeding scenario introduces a
small number of infected individuals into the high-contact group in city A. All remaining compartments are initialized consistently
with these assumptions.

A. Reproducibility settings

To support reproducibility, simulations are run on a fixed time horizon [0, 7] with a uniform reporting grid for all scenarios.
Unless otherwise stated, we use deterministic initial conditions with a single-city seed in (A, 2) and evaluate outcomes from the
same state trajectories used for plotting. Parameter sweeps vary one or two policy-relevant parameters at a time (e.g., ma2, o2)
while holding the remaining parameters at baseline values listed in Table m This is the same process used for all sweep points:
integration, metric extraction, and figure generation. We evaluate epidemic outcomes using the following quantitative metrics:

o Peak burden: max; Ix (t) where Ix(t) = Ix1(t) + Ix2(t).

o Time to peak: t% = argmax; Ix (t).

o Final size (cumulative attack rate proxy): Rx (00) = lim¢— o0 (Rx1(t) + Rx2(t)).

o Spillover delay: At =t —t7.

o Peak ratio: max; Ig(t)/ maxs 14(t).

o Synchronization index: correlation corr(I4(t), Ip(t)) computed on the simulated time grid.

V. RESULTS

The results are organized around three main aspects: (i) qualitative mobility regimes and their effect on epidemic synchronization,
(ii) the interaction between mobility and behavioral response, and (iii) the effectiveness of targeted interventions. Particular emphasis
is placed on identifying non-obvious behaviors that arise from the coupling of mobility and adaptive contact reduction.
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A. Mobility regimes: spillover and synchronization

Figure |I| illustrates representative epidemic trajectories under low, intermediate, and high mobility regimes. These regimes reveal
a clear transition in the temporal relationship between outbreaks in the two cities.

In the low-mobility regime, the epidemic originates in city A and spreads to city B with a noticeable delay. This delayed spillover
creates a temporal separation between epidemic peaks, resulting in low synchronization. Such a regime effectively provides a window
for intervention in the initially unaffected city.

At intermediate mobility levels, the delay between outbreaks decreases, and the epidemic peaks begin to overlap. This leads to
partial synchronization, where the correlation between epidemic curves increases but does not reach unity. Importantly, this regime
represents a transitional phase in which both local dynamics and spatial coupling influence the system.

In the high-mobility regime, the system behaves similarly to a single well-mixed population. Epidemic peaks in both cities
occur almost simultaneously, and synchronization is close to complete. In this case, spatial structure loses its mitigating effect, and
interventions must be coordinated across locations.

Figure 1: Epidemic Trajectories Under Different Mobility Regimes

Low Mobility Intermediate Mobility High Mobility
m; =0.005, m;=0.015 my=0.04, m;=0.1 my; =0.16, m, =0.35
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Fig. 1. Representative epidemic trajectories under three mobility regimes. Total infected individuals 4 (t) and Ip(t) are shown
under low, intermediate, and high mobility rates. Vertical lines denote peak times. Low mobility yields delayed spillover; high
mobility yields near-synchronous outbreaks.

B. Parameter landscape: nonlinear mobility—behavior interaction

We now examine how epidemic outcomes vary jointly as a function of the mobility of the high-contact group (m2) and their
risk sensitivity (a2). Figure |Z|presents heatmaps of peak infection levels in both cities across this parameter space.

Two general trends are observed. First, increasing aa consistently reduces the epidemic peak, reflecting stronger behavioral
adaptation and contact reduction in response to local infection burden. Second, increasing mo enhances inter-city coupling, leading
to faster spillover and increased transmission in the non-seeded city.

Beyond these expected effects, a key and non-obvious result emerges: the interaction between mobility and behavioral response
is strongly nonlinear. In particular, under intermediate mobility levels, relatively small increases in risk sensitivity (c2) can produce
disproportionately large reductions in peak infection. This threshold-like behavior suggests that behavioral interventions may be
especially effective when mobility is neither too low nor too high. This highlights that policy effectiveness depends critically on
the interaction between behavioral response and mobility, and cannot be fully understood when these mechanisms are considered
in isolation.

This phenomenon does not arise in models that consider mobility or behavioral feedback in isolation. Instead, it is a direct
consequence of their coupling, highlighting the importance of jointly modeling these mechanisms when evaluating epidemic control
strategies.

C. Targeted interventions focused on the high-contact group

We evaluate targeted interventions aimed at the high-contact group (group 2), which plays a dominant role in transmission
dynamics. Three strategies are considered: (i) increasing risk sensitivity (a2), representing improved compliance or risk awareness;
(ii) reducing mobility (mz), representing targeted movement restrictions; and (iii) a combination of both.
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Figure 2: Epidemic Burden Across Parameter Space
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Fig. 2. Epidemic burden across parameter space. Heatmaps of peak infected individuals in (left) city A and (right) city B as functions
of high-contact group mobility mo and risk sensitivity a2. Increasing a2 reduces burden; increasing mso strengthens coupling and
increases spillover.

FigureEl shows that increasing a2 reduces peak infection levels in both cities by accelerating behavioral adaptation. In contrast,
reducing meo primarily delays and weakens cross-city transmission, with the strongest effect observed in the initially uninfected
city.

The combined intervention produces the largest reduction in both peak burden and final epidemic size. This indicates a com-
plementary effect: behavioral adaptation reduces transmission intensity, while mobility control limits spatial spread. Together, these
mechanisms produce a stronger reduction than either intervention alone.

Figure 3: Targeted Intervention Effectiveness
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Fig. 3. Efficacy of targeted interventions. (A) Peak incidence and (B) total epidemic size under baseline conditions, increased risk
sensitivity of group 2, reduced mobility of group 2, and the combination of both interventions. Targeting the high-contact group
significantly reduces the epidemic, and combining interventions leads to the strongest reduction.

D. Supplementary: group dynamics and behavioral response

To gain some insight into how the system works from the inside, Supplementary Figure []illustrates the infection paths of each
group and their contact rate dynamics. Note that the high-contact group drives early growth more, as it starts with a higher initial
contact rate cg, while the cautious group has lower peaks. As the number of infections increases, people react and decrease their
contacts, and this reaction is more significant if the group’s behavioral sensitivity o is large.
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Supplementary Figure: Detailed Group Dynamics and Behavioral Response
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Fig. 4. Supplementary group-specific dynamics and behavioral response. This figure illustrates the group-level infection curves in
each city, the response of contact rates over time with risk feedback, and the cumulative recovery totals over each group.

VI. DISCUSSION

What this study demonstrates is that the difference in human behavior and mobility patterns can significantly impact the course
of an epidemic in ways that cannot be captured by a simple, deterministic model. There are three main points that can be gleaned
from this study.

First, mobility controls synchronization. When there is little connectivity between two cities, one city will feel the effects of the
epidemic before another city, effectively providing a window of preparation as the spillover is delayed. As connectivity increases,
this spillover is hastened so that both cities feel the effects simultaneously, negating the preparation window.

Second, behavioral feedback can substantially reduce peaks, especially for that group with the most contact. The reason is
that the infection pressure is determined by the weighted infected burden through c;( (t)Ix4(t), so that reducing contact in that
group that initially has more contact intensity has significant effects. The heatmap suggests that there is a non-linear interaction
between behavioral response and mobility, implying that small improvements in behavioral response can have large effects when
mobility is intermediate.

Third, targeted interventions are efficient. Interventions that increase risk sensitivity, such as enhanced communication and
support for compliance, or those that reduce mobility of the high-contact group, reduce both the peak and final size of the outbreak,
with the combined approach being more effective. In this approach, mobility reduction for each group is understood broadly and
does not necessarily mean universal travel bans.

A. Limitations and possible improvements

There are some limitations in the present study that suggest possible improvements in the future. The model we propose is
deterministic, i.e., it cannot account for stochastic fadeouts, random introductions of new cases, or the timing of the peak .
Secondly, the model uses a prevalence-driven exponential response to reduce contacts. It may be worth exploring other forms
of response, such as saturating, delayed, and incidence-driven response [10]. Mixing is homogeneous within cities, with no age
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structure, occupation network, or explicit assortativity. Extensions could include cross-group contact matrices, asymmetric city sizes
with directional mobility, endogenous policy triggers, and calibration to surveillance or mobility datasets.

In addition, communication dynamics are not modeled explicitly. Coupled awareness—disease processes on multilayer social/contact
structures can shift effective epidemic thresholds and alter intervention leverage points [11]. Embedding those mechanisms would
provide a richer representation of information-driven adaptation.
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Data availability. This study is simulation based and does not use individual-level human-subject data. All model parameters,
equations, and outcome metrics are documented in the manuscript and appendix.
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and post-processing steps described in Section IV; scripts can be archived alongside this manuscript upon submission.
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VII. CONCLUSION AND FUTURE WORK

We proposed a two-city, two-group SIR framework that integrates heterogeneous risk-perception feedback and group-specific
mobility in a single analyzable system. Using a next-generation matrix approach, we computed invasion thresholds and explored
regime changes across mobility intensities. Results indicate that mobility primarily governs spillover speed and synchronization,
while behavioral sensitivity—especially in the high-contact group—governs peak suppression and final size. Targeted interventions
that increase risk sensitivity and/or reduce mobility in the high-contact group are consistently the most effective, and combined
strategies provide the largest reductions. Overall, the framework provides a tractable bridge between threshold analysis and rapid
scenario exploration in metapopulation epidemics.
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